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Models of inflationary cosmology admit a choice of the metric for which geometry becomes flat
Minkowski space in the infinite past. In this primordial flat frame all mass scales vanish in the infinite
past and quantum scale symmetry is realized. The cosmological evolution is dominantly described by
the slow increase of a scalar field which sets the scale of all masses. We construct the primordial flat
frame for standard models of inflation as Starobinsky inflation or chaotic inflation. In particular, we
discuss the evolution of inhomogeneous solutions in the neighborhood of the homogeneous isotropic
background solution and their relation to the observable primordial fluctuation spectrum. Our
observed inhomogeneous Universe can be extrapolated back to the infinite past in physical time. If
the propagator for the graviton and all other fields remain regular, there is no physical big-bang
singularity – the latter reflects only a singular choice of “field coordinates”.
I. Introduction
Zu Anfang war die Welt oed und leer und waehrte ewig
– in the beginning the Universe was empty and lasted since
ever. What sounds like a fairy tale is actually a descrip-
tion of the physical properties of many standard inflation-
ary cosmologies [1–7]. In these models the hot big bang
is preceded by an inflationary epoch during which almost
no particles were present. Particles, radiation and entropy
have been created during a heating period after the end of
inflation. During inflation, the state of the universe was
almost a vacuum. Vacuum is not nothing, however. It is
characterized by the expectation values of fields, typically
the metric and a scalar field, as well as by the average of the
fluctuations of these fields. Propagating fermionic particles
are extremely rare during this epoch. All propagating par-
ticles behave like photons, traveling with the speed of light.
A vacuum with these properties may be called a “lightlike
vacuum”.
The physical properties of the early stages of our Uni-
verse do not depend on the choice of fields used to de-
scribe them. This “field relativity” [8, 9] can be used to
employ a choice of metric for which the physical prop-
erties are particularly apparent. In this “primordial flat
frame” [9, 10] the geometry of the beginning epoch is flat
Minkowski space. All masses, both particle masses and
the effective dynamical Planck mass, are proportional to a
scalar field χ. In the primordial flat frame the evolution of
early cosmology is dominantly described by a slow increase
of χ. Somewhat analogously, a beginning with Minkowski
space has also been advocated in “genesis” models based on
higher derivative theories [11–14] or for ”stealth solutions”
[15],[16, 17]. We do not consider here particular models.
We rather discuss standard inflationary models that can
all be formulated with a ”beginning” in Minkowski space
for a suitable choice of metric.
The primordial flat frame and the standard description
of inflationary cosmology in the Einstein frame are related
by a Weyl scaling [18, 19], which is a χ-dependent confor-
mal transformation of the metric. Weyl scalings relating
different pictures of inflation have been employed since a
long time [20, 21]. While the status of field transformations
of the classical action is more complex due to Jacobians in
the functional integral, the issue becomes very simple on
the level of the quantum effective action. Since observables
are computed from functional derivatives of the quantum
effective action, a change of fields is a simple change of
variables in differential equations. All choices of “field co-
ordinates” are equivalent if the mapping between different
choices of fields is invertible. This point of view has been
taken in ref. [22] and should settle a long debate, for a re-
view see ref. [23]. The detailed mapping of many quantities
relevant for cosmology has been established [24–32]. This
includes the primordial cosmic fluctuations [33–36], or dif-
ferent time variables [37] – both particularly relevant for
the present work. Observable quantities can be formulated
in terms of dimensionless invariants which take the same
value in all conformally related frames [22, 27, 33, 37–40].
In the present paper we construct explicitly the primor-
dial flat frame for many models of inflation. This includes
Starobinsky inflation [1] or chaotic inflation [6], as well as
large families of neighboring inflationary models. We em-
phasize the appearance of quantum scale symmetry in the
infinite past. For a large family of scaling solutions in quan-
tum gravity the primordial flat frame is computed explic-
itly. The map between the standard Einstein frame and
the primordial flat frame proves very helpful for a focus on
quantities that are, in principle, observable. Such “observ-
able quantities” reflect the physical properties, in distinc-
tion to dimensionful quantities as the curvature scalar or
the squared Weyl tensor whose possible singularities can
be artifacts of a singular choice of field coordinates.
A particular emphasis of the present paper concerns in-
homogeneous cosmologies. We formulate the evolution of
small fluctuations around a homogeneous isotropic back-
ground cosmology in a frame-invariant way [33]. The mode
functions appearing in this problem are the same as the
ones appearing in the propagator for physical graviton and
scalar modes, and therefore in the primordial fluctuation
spectrum. This allows us to relate the fate of the rele-
vant inhomogeneous cosmological solutions in the past to
the evolution of the primordial cosmic fluctuation power
spectrum. A propagator which remains finite for all times
including the infinite past implies the presence of regular
2inhomogeneous solutions.
The propagator is accessed in a particularly simple way
in the primordial flat frame since geometry is Minkowski
space. In the approximation to the effective action cor-
responding to standard inflationary models the graviton
propagator diverges in the infinite past. In turn, the in-
homogeneous solutions corresponding to the observed pri-
mordial power spectrum diverge in the infinite past.
The issue is clearly related to shortcomings in the ap-
proximation to the effective action that leads to an unphys-
ical divergence if propagators. It is related to a vanishing
of the effective Planck mass at zero value of the scalar field.
For a better approximation one expects that the gravi-
ton propagator remains finite even for a vanishing scalar
field, reflecting the presence of higher derivative terms in
the gravitational effective action. These higher derivative
terms typically do not affect the homogeneous cosmological
solution, but they matter for propagators and therefore the
fate of the neighboring inhomogeneous cosmologies. For a
more physical approximation to the effective action we ar-
gue that the inhomogeneous solutions responsible for the
observable primordial fluctuation spectrum will remain reg-
ular for all times. In this case our observed inhomogeneous
Universe can be extrapolated backwards to the infinite past
without encountering a singularity.
The absence of a physical singularity for homogeneous
cosmology is most easily seen in the primordial flat frame
where all quantities remain explicitly finite arbitrarily far
in the past. Focusing on physical properties, this can also
be seen in the Einstein frame. The apparent big bang sin-
gularity in the Einstein frame is a field singularity that
originates from a singular choice of field coordinates. Fur-
thermore, the Planck mass is no intrinsic scale, it is intro-
duced only by a specific choice of the metric field.
In sect. II we discuss a particular effective action for the
metric and a scalar field that contains no more than two
derivatives and has no problems of stability. The solution
of the cosmic field equations derived by variation of this ef-
fective action exhibit the geometry of flat Minkowski space
in the infinite past. We will later argue that this effective
action corresponds precisely to Starobinsky inflation in the
Einstein frame. In sect. III we construct the general map
between the Einstein frame and the primordial flat frame.
Sect. IV discusses the primordial flat frame for chaotic in-
flation and Starobinsky inflation. In sect. V we turn to
the inhomogeneous Universe. Sect. VI discusses quantum
scale symmetry and the scaling solutions in the functional
renormalization flow of quantum gravity. We construct the
primordial flat frame for these scaling solutions. Sect. VII
discusses the physical properties of the beginning epoch in
the Einstein frame. In particular, we show that the effec-
tive masses of particles go to zero, and that physical time
is infinite, as one extrapolates back to the past. Sect. VIII
summarizes our conclusions. Various technical parts are
deployed in five appendices. Some of the key ideas of this
work are summarized in ref. [41], and the present work
provides for many of the practical computations underly-
ing ref. [41].
II. Beginning with flat spacetime
In this section we present a model which leads to cosmo-
logical solutions for which the beginning of the Universe is
flat Minkowski space in the infinite past. It does not show
any singular behavior. We will later show that this model
is equivalent to Starobinsky inflation. The exact equiva-
lence will be given by a conformal field transformation of
the metric or Weyl scaling in sects. III, IV.
We start with the effective action for variable gravity
[10],
Γ =
∫
x
√
g
{
−χ
2
2
R+
1
2
(B − 6)∂µχ∂µχ+ λ(χ)χ4
}
, (1)
and consider a particular model given by
λ = λ0(1−W )2, W = 3x
2
(
1− 5x
6
ln
(
2
3x
))
,
B = 6x2
[
1− 5x
3
(
ln
(
2
3x
)
− 1
)]
, (2)
where
x =
1
ln
(
µ2
χ2 + ct
) . (3)
In variable gravity models all particle masses are propor-
tional to the scale field χ, such that the ratio of particle
mass over Planck mass remains constant even for a time
variation of χ. This constitutes a key difference to Brans-
Dicke theories or many other common variants of scalar
tensor theories or induced gravity.
This model is stable despite a negative kinetic term for
the scalar field χ. Indeed, for variable gravity, with dynam-
ical Planck mass given by the field χ, the stability condition
is B ≥ 0, λ ≥ 0. We will be interested in small values of
χ where both x and W are small. For χ → 0 the kinetial
K = B−6 approaches the conformal valueK = −6. Also λ
approaches a constant λ0 and the action becomes invariant
under quantum scale transformations. The Planck massM
does not appear as a parameter in the effective action (1),
(2). The only scale is µ which is not related to M . The
model can be extended to include particle physics, with all
particle mass scales given hpχ, and dimensionless couplings
taking values hp = mp/M , where mp is the particle mass
in the Einstein frame.
Perhaps the particular choice of B and λ seems rather
special. We will see later that this choice corresponds pre-
cisely to Starobinsky inflation. Neighboring models corre-
spond to different models of inflation. While the detailed
forms of λ and B matter for the existence of an exact flat
space solution for t → −∞, their qualitative behavior is
rather simple. The potential is almost a χ4-potential ,
with a coefficient approaching a constant logarithmically
from below as χ → 0. Also B approaches the conformal
value B = 0 logarithmically for χ→ 0.
The model (2) admits a solution for t → −∞ for which
H , H˙ and χ all go to zero. The curvature scalar vanishes in
3the infinite past. More precisely, we find that in the infinite
past t→ −∞ the scalar field χ approaches zero according
to
χ(t) =
√
3
λ0
(t0 − t)−1. (4)
The scale factor a(t) of a Robertson-Walker metric for ho-
mogeneous isotropic cosmology approaches a constant a¯ in
this limit
a(t) = a¯
(
1 +
α(t)
ln
(√
λ0
3 µ(t0 − t)
)
)
, (5)
where α(t) is a very slowly varying function. We discuss
the field equations derived from the effective action (1) and
their solution in detail in the appendix A. There we also
specify the function α(t).
We can also start in the far distant past with an in-
homogeneous Universe in the vicinity of the homogeneous
isotropic solution (4),(5). No singularity occurs for increas-
ing time. Such inhomogeneous fluctuations lead to the ob-
served inhomogeneous Universe which can therefore be ex-
trapolated backwards. The issue of singularities appearing
in the infinite past t → −∞ will be discussed in detail
in sect. V. Starting arbitrarily far in the past the model
is predictive for the properties of fluctuations. There are
decaying modes which are predicted to be zero at finite
t. The non-decaying modes are the primordial scalar and
tensor fluctuations of Starobinsky inflation. The model is
compatible with all present observations.
For a demonstration that this type of model is generic
we may consider a three-parameter family of models that
approach scale symmetry logarithmically for small χ. They
are given by an expansion
λ = λ0(1 + d˜1x+ d˜2x
2 + ...)
B = −2d˜1x2 +
(
4d˜1
3
+ 2d˜21 − 4d˜2
)
x3 + ..., (6)
with arbitrary coefficients λ0, d˜1, d˜2. We observe that the
expansions of B and λ are related. It is this relation that
ensures that in the infinite past for t → −∞ Minkowski
space is reached, with
χ˙2
χ4
=
λ0
3
(1 + d˜1x+ e2x
2 + ...), (7)
and leading behavior of χ(t→ −∞) given by eq. (4). Here
the coefficient e2 depends on higher order terms in the ex-
pansion (6). For t→ −∞ the scale factor approaches again
a constant according to eq. (5), in this case with a constant
α given by
α =
3d˜2 − d˜1 − 9e2
24
. (8)
We discuss the field equations and solutions of this family
of models in the appendix B, together with a more general
approach to models of variable gravity (1) that approach
flat space in the infinite past. In the Einstein frame these
models are standard inflationary models.
The form of the effective action (1) in the “scaling frame”
with dynamical Planck mass given by χ is preserved by a
family of field transformations that combine Weyl scalings
of the metric and rescaling of scalar fields [9, 22]. These
transformations change λ and B. They can be used to
bring the relation between λ and B into a form that ad-
mits flat space geometry in the infinite past. In particular,
for the expansions of λ and B in powers of x we can use
these transformations to relate the coefficients for λ and
B, as in eq. (6). We conclude that the existence of such
a “primordial flat frame” [9, 10] is generic for a very large
class of models. The relation between B and λ in eq. (2)
or eq. (6) is not a restriction on models. It rather specifies
the choice of fields or coordinates in field space for which
flat space is reached asymptotically in the past.
III. Field relativity
Towards the beginning the ratio between particle mass
and momentum goes to zero. All particles become rela-
tivistic. This lightlike behavior of all particles towards the
beginning of the Universe suggests to use a frame where
particle masses are not kept constant, but rather vanish to-
wards the beginning. If the ratio between particles masses
and the Planck mass remains constant, the Planck mass
also has to vanish towards the beginning. This can be re-
alized by replacing the Planck mass by a scalar field χ,
and all particle masses becoming proportional to χ. This
is realized by the effective action (1) of variable gravity. In
such a “scaling frame” the beginning with vanishing physi-
cal particle masses finds a simple description if χ→ 0. We
have already seen in eqs. (4), (5) that in the scaling frame
the big bang singularity is absent for the homogeneous cos-
mological solution. This demonstrates that in this case the
big bang singularity is actually a “field singularity” due to
an inappropriate choice of fields, rather than a physical sin-
gularity. In some respect it is analogous to the coordinate
singularity at the south pole in Mercator projection coor-
dinates, except that we speak now about “coordinates in
field space”. We will trace the origin of this field singular-
ity by transforming the effective action (1) to the Einstein
frame, or vice versa.
Weyl scaling
In the familiar Einstein frame the effective action de-
scribing the inflationary epoch involves the metric and a
scalar “inflaton” field σ,
Γ =
∫
x
√
gE
{
−M
2
2
RE +
1
2
∂µσ∂µσ + VE(σ)
}
, (9)
with VE the effective scalar potential in the Einstein frame.
Performing a Weyl transformation we choose a different
4metric field
gE,µν = w
2gµν , w
2 =
χ2
M2
, (10)
with gE,µν and gµν the metric in the Einstein and scaling
frame and χ a scalar field that will be related to σ.
Expressed in terms of gµν the action (9) reads, with σ˜ =
σ/M ,
Γ =
∫
x
√
g
{
−1
2
F (χ)R+
1
2
K(χ)∂µχ∂µχ+ U(χ)
}
, (11)
where
F (χ) = χ2, U(χ) = λ(χ)χ4,
λ(χ) =
VE(σ˜)
M4
, K(χ) = χ2
(
∂σ˜
∂χ
)2
− 6. (12)
We assume a monotonic behavior(
∂σ˜
∂ lnχ
)2
= B = K + 6 > 0. (13)
During inflation the χ-dependence of λ is directly related
to the slow roll parameter ε,(
∂ lnλ
∂ lnχ
)2
= B
(
∂ lnVE
∂σ˜
)2
= 2Bε. (14)
The general solutions of the field equations of “variable
gravity” based on the action (11) are discussed in ref. [10].
The Weyl scaling of the metric is accompanied by a
rescaling of fermion and additional scalar fields as the Higgs
doublet. Every mass in the standard model of particle
physics is multiplied in the scaling frame by a factor χ/M .
If in the Einstein frame the values of running couplings are
defined at a renormalization scale given by M , the corre-
sponding renormalization scale in the scaling frame is given
by the field χ. As a result, all mass scales as the Fermi scale
or the confinement scale of strong interactions are propor-
tional to χ. Only mass ratios are observable. They are
frame-independent and do not depend on χ. In the scal-
ing frame one finds the quantum scale invariant standard
model [42–44]. The only violation of quantum scale sym-
metry is then related to the possible presence of an intrinsic
mass scale in the dimensionless functions λ(χ) or K(χ).
Primordial flat frame
So far we have not fixed the relation between σ and χ.
At this stage one has a family of frames according to dif-
ferent possible choices for the relation between σ and χ,
or the choice of the function σ˜(χ). Many models admit a
“primordial flat frame” by a choice of σ˜(χ) for which
K < 0, K + 6 =
∂ lnK
∂ lnχ
− ∂ lnλ
∂ lnχ
. (15)
With this choice there are cosmological solutions for which
spacetime is flat.
For frames obeying the condition (15) the field equations
– displayed in appendix A in eqs. (A1)–(A3) – can be
solved for a flat Minkowski geometry, where
χ˙ =
√
−2λ
K
χ2, H = 0, R = 0. (16)
For χ(t) one finds the formal solution
χ(t) = χ0
(
1 + χ0
∫ t0
t
dt′
√
−2λ
K
(t′)
)−1
, (17)
where χ0 = χ(t0) and (λ/K)(t
′) = (λ/K)(χ(t′)). If 2λ/K
reaches a constant −c2 for χ→ 0, one finds for the asymp-
totic behavior in the past infinity t→ −∞ that χ vanishes
according to
χ(t)→ 1
c(t0 − t) + χ−10
, c =
√
−2λ
K
. (18)
The solutions (16), (17) in the primordial flat frame show
no trace of any singularity. All particles become massless
in the infinite past as χ(t→ −∞)→ 0, but massless parti-
cles pose no problems in particle physics. The existence of
such a frame clearly demonstrates the absence of a physi-
cal singularity. For the homogeneous cosmological solution
the singularity in the Einstein frame is a field singularity
induced by the singularity in the field transformation (10)
for χ → 0. The metric gµν amounts to “regular field co-
ordinates” for the infinite past, whereas the Einstein met-
ric gE,µν corresponds to “singular field coordinates”. The
physical properties are easier to understand by using reg-
ular field coordinates.
We next want to find the relation between σ˜ and χ for
which the “flat frame condition” (15) holds. This condition
can be written as a differential equation for the function
B(χ) or B(σ˜) namely
B = 2ε
(
1± 1√
2ε(6−B)
∂B
∂σ˜
)2
. (19)
Here the minus sign applies if VE decreases with σ and χ
increases with σ, while the plus sign accounts for VE in-
creasing with σ and χ decreasing with σ. Indeed, insertion
of eq. (13) into eq.(15) yields
B =
1
B − 6
∂B
∂ lnχ
−
√
2Bε
= −
√
B
(√
2ε± 1
B − 6
∂B
∂σ˜
)
, (20)
and taking a square of the last equation implies eq. (19).
A primordial flat frame exists whenever for a given VE(σ˜)
and associated ε(σ˜) a solution of eq. (19) with 0 < B(σ˜) <
6 exists. In particular, for constant ε one has constant
B = 2ε≪ 1, such that K = B − 6 is indeed negative. For
small ε one finds the iterative solution
B = 2ε
(
1± 1
3− ε
√
ε
2
∂ ln ε
∂σ˜
)2
. (21)
5If the solution of eq. (19) does not remain within the al-
lowed interval for B(σ˜) as χ increases, it is actually suffi-
cient to define χ(σ˜) such that the condition (15) holds in
the limit χ → 0. In this case one finds solutions that ap-
proach flat space in the infinite past and are again free of
singularities.
The strategy for finding a primordial flat frame for a
given model of inflation looks first at a (approximate) so-
lution of eq. (19) for B(σ˜). Here the particular inflation-
ary model is characterized by the function ε(σ˜). For a
given B(σ˜) one employs a solution of eq. (13) for estab-
lishing the relation between σ˜ and χ. Having done this,
one obtains λ(χ) and K(χ) by inserting σ˜(χ). Eq. (11)
with F = χ2 then defines the effective action in the pri-
mordial flat frame. The approximation used for the solu-
tion of eqs. (20) and (13) determines the precise behav-
ior of the cosmological solutions for the field equations
derived from the effective action (11). For an exact so-
lution of the differential equation (13)(20) flat Minkowski
space is an exact solution of the field equations, without
any time evolution of geometry. If the approximation be-
comes exact only in the limit χ → 0, one only can infer
that geometry becomes flat space for t→ −∞. For precise
enough solutions of eqs. (20), (13) in a region of χ around
χ = 0 the geometry will approach a constant scale fac-
tor for t → −∞. For a less accurate approximation one
may also have a(t → −∞) → 0, with H(t → −∞) = 0,
H˙(t→ −∞) = 0.
IV. Inflationary models in the primordial
flat frame
It seems likely that the early stages of all single field
inflationary models discussed at present can find a formu-
lation in a primordial flat frame. We see no obvious ob-
struction to an approximate solution of eq. (19) for a given
σ˜-dependence of the slow roll parameter ε(σ˜). A cosmology
similar to the one discussed in sect. II is expected provided
that inflation has no explicit beginning by a transition from
some other type of cosmology. It is instructive to discuss
the variable gravity models in the primordial flat frame for
specific inflationary models. As examples we take chaotic
inflation [6] and Starobinsky inflation [1]. In this section
we only display the leading order result for the solution
χ(t) for t→ −∞ and compare this with the solution in the
Einstein frame. Since conformal time η is the same in all
frames related by a Weyl scaling, the solutions χ(η) have
to be the same in all such frames. A more detailed discus-
sion, including a quantitative computation how geometry
deviates from flat space for finite t, will be given in various
appendices.
Chaotic inflation
As a simple example we may consider chaotic inflation
[6]. In the Einstein frame (9) the model is given by
VE =
1
2
m2σ2, λ =
1
2
bσ˜2, b =
m2
M2
,
ε =
2
σ˜2
, σ˜ =
σ
M
. (22)
For this form of ε(σ˜) the primordial flat frame requires
B(σ˜) to obey the differential equation (σ˜ > 0)
∂B
∂σ˜
= (6− B)
(√
B − 2
σ˜
)
. (23)
For σ˜ ≫ 1, as appropriate for the inflationary epoch, the
solution reads
B =
4
σ˜2
− 16
3σ˜4
+ ... (24)
We choose here the lowest order relation between σ and χ
as
χ = µ exp
(
− σ˜
2
4
)
. (25)
For large σ˜ this obeys eq. (23).
The model that we consider here is therefore given by
the effective action (1), with
B = 2 ln
(
µ2
χ2
)
, λ = b ln
(
µ2
χ2
)
. (26)
The Planck mass M is not present in this model. The only
intrinsic scale is µ which is unrelated to the Planck mass.
A “transplanckian” value σ ≫M is sometimes considered
as problematic. This issue is absent in the primordial flat
frame. Large σ˜ corresponds to small χ/µ. Small field val-
ues χ ≪ µ do not seem to be problematic. The notion
of “transplanckian” fields is a frame dependent issue not
directly related to any obvious problem for observables.
The leading order solution for t → −∞ is given by
eq. (16). Thus for χ close to zero the evolution equation
(16) for χ becomes
χ˙ =
√
2b
3
χ2
√
ln(µ/χ) = cχ2. (27)
The combination c =
√
−2λ/K approaches for large σ˜ an
increasing value
c(t)→
√
λ
3
≈
√
b
6
σ˜(t) ≈
√
2b
3
ln
(
µ
χ(t)
)
. (28)
Correspondingly, χ(t→ −∞) reaches zero somewhat faster
than ∼ 1/t. Replacing the constant c in eq. (18) by the
function c(t) actually becomes a good approximation for
t→ −∞. Relative corrections are proportional to
− c˙(t0 − t)
c
=
1− χµ
2 ln
(
µ
χ
) . (29)
6This correction vanishes for χ → 0. In flat space con-
formal time is proportional to cosmic time, η = t/a0. In
the approximation where a(t) can be taken as a constant
a0 we find the implicit approximate solution for η → −∞,
χ−1(η) =
√
2b
3
ln
µ
χ(η)
a0(η0 − η) + χ−10 . (30)
We next show that the same solution for χ(η) is found
in the Einstein frame if we translate the slow roll solution
for σ(t) to conformal time and then to χ(η) according to
eq. (25). As it should be, the behavior of χ(η) does not
depend on the choice of frame.
For chaotic inflation in the Einstein frame the field equa-
tions read (with HE the Hubble parameter in the Einstein
frame)
σ¨ + 3HEσ˙ +m
2σ = 0
3M2H2E =
m2
2
σ2 +
1
2
σ˙2. (31)
In the slow roll approximation for large σ˜ = σ/M they
reduce to
H2E =
m2
6
σ˜2, 3HE ˙˜σ = −m2σ˜, (32)
or
˙˜σ = −
√
2
3
m. (33)
In this approximation the solution reads
σ˜ = σ˜0 +
√
2
3
m(t0 − t),
HE =
m√
6
σ˜0 +
m2
3
(t0 − t). (34)
Correspondingly, the scale factor obeys [45], a¯0 = a(t0),
a(t) = a¯0 exp
{
− m√
6
σ˜0(t0 − t)− m
2
6
(t0 − t)2
}
. (35)
We want to translate this approximate solution to con-
formal time η. In the limit of large σ˜ one has |H˙E/H2E | ≪ 1
and finds
a¯0(η0−η) = 1
HE(t)
[
exp
{
m√
6
σ˜0(t0 − t) + m
2
6
(t0 − t)2
}
− 1
]
,
(36)
or
η0 − η = 1
HE(t)a(t)
− 1
HE(t)a¯0
. (37)
As expected, conformal time diverges for a→ 0. The phys-
ical time elapsed since the big bang singularity at a = 0
becomes infinite also in the Einstein frame, see sect. VIII
for a more detailed discussion. We can write eq. (36) in
the form
HE a¯0(η0 − η) + 1 = exp
{
1
4
(σ˜2 − σ˜20)
}
. (38)
We next translate the solution σ˜(η) to χ(η) in order to
permit comparison with eq. (30). Using the relation (25)
between σ˜ and χ eq. (38) yields
µ
χ
= exp
(
σ˜20
4
)
(HE a¯0(η0 − η) + 1). (39)
With
HE = m
√
2
3
ln
(
µ
χ
)
, exp
(
σ˜20
4
)
=
µ
χ0
, (40)
we obtain the implicit equation
1
χ
=
√
2b
3
ln
(
µ
χ
)
M
χ0
a¯0(η0 − η) + 1
χ0
. (41)
This indeed coincides with eq. (30) if we identify a0 =
a¯0M/χ0.
The solution (30) reflects only the leading behavior of
χ(η) for η → −∞. For corrections to this solution and
for a discussion of the associated geometry we present in
the appendix C a detailed discussion of the variable grav-
ity model that corresponds to chaotic inflation in the pri-
mordial flat frame. Exact Minkowski space obtains in the
infinite past only if we employ the primordial flat frame
relation between σ˜ and χ beyond the leading order (25).
For the approximation (25) it remains a very good approx-
imation, however.
Starobinsky inflation
The effective action for Starobinsky inflation,
Γ = −
∫
x
√
g
{
µ2
2
R+
C
2
R2
}
, (42)
can be cast into the form (9) by introduction of an explicit
scalar field, see e.g. [46]. In this case the potential in the
Einstein frame reads
VE =
M4
8C
[
1− exp
(
−
√
2
3
σ
M
)]2
. (43)
One infers
λ =
1
8C
[
1− exp
(
−
√
2
3
σ˜
)]2
, (44)
and
ε =
4
3

 exp
(
−
√
2
3 σ˜
)
1− exp
(
−
√
2
3 σ˜
)


2
. (45)
The differential equation (19) for the primordial flat
frame can be written in the form
∂B
∂σ˜
= ±(6−B)(
√
B −
√
2ε), (46)
7where the plus sign applies in our case. For large σ˜ one has
2ε ≈ 8
3
exp
(
−
√
8
3
σ˜
)
, (47)
and therefore
∂B
∂σ˜
≈ 6
[√
B −
√
8
3
exp
(
−
√
2
3
σ˜
)]
. (48)
We first consider the leading order solution for large σ˜
B =
8
3
exp
(
−
√
8
3
σ˜
)
. (49)
With
∂σ˜
∂ lnχ
= −
√
8
3
exp
(
−
√
2
3
σ˜
)
(50)
one infers
exp
(√
2
3
σ˜
)
=
2
3
ln
(
µ2
χ2
)
, (51)
such that ε vanishes for χ→ 0 as
ε =
3
ln2
(
µ2
χ2
) . (52)
For the asymptotic solution of χ(t) for t→ −∞ we com-
pute the combination (18),
c ≈
√
λ
3
=
1√
24C
(
1− 3
4 ln(µ/χ)
)
. (53)
With c approaching a constant the solution approaches
eq. (18) and χ vanishes in leading order χ ∼ −1/(ct). For
Starobinsky inflation in the primordial flat frame the lead-
ing behavior for the beginning epoch is flat space with χ
slowly increasing in conformal time η
χ =
√
24C
a0(η0 − η) . (54)
Again, the Universe can exist since ever, and all particles
become massless in the infinite past for η → −∞
The verification of the asymptotic behavior (54) in the
Einstein frame is very simple. For σ˜ →∞ the geometry for
the Einstein frame becomes de Sitter space with constant
HE =
M√
24C
. (55)
In the slow roll approximation,
σ˙ = − 1
3HE
∂VE
∂σ
= − M
2
3
√
C
exp
(
−
√
2
3
σ˜
)
, (56)
the field σ˜ diverges for t→ −∞ according to
exp
(√
2
3
σ˜
)
=
M
3
√
2
3C
(t¯− t) = 4
3
HE(t0 − t). (57)
Switching to conformal time,
HE(t0 − t) = ln [HE a¯0(η0 − η)] , (58)
one obtains
exp
(√
2
3
σ˜
)
=
4
3
ln [HE a¯0(η0 − η)] . (59)
By use of the relation (51) eq. (59) becomes
µ
χ
= HE a¯0(η0 − η). (60)
With a¯0 = a0
µ
M this is indeed eq. (54).
For a connection of Starobinsky inflation to the model
(1),(2) in sect. II we have to solve eq. (46) beyond lead-
ing order. An approximate solution is discussed in the ap-
pendix D. It indeed yields the variable gravity model (1)(2),
for which we discuss the solutions of the field equations in
appendix A.
V. Inhomogeneous Universe
Realistic cosmology is not described by a homogeneous
and isotropic solution. Inhomogeneities are small in the
early Universe and grow later to form the observed struc-
tures as galaxies and clusters. For a discussion of realistic
cosmologies we therefore consider for some early epoch rel-
evant for the primordial density fluctuations a geometry
with small deviations from a homogeneous and isotropic
situation,
gµν(η, x) = a
2(η)(ηµν + γµν(η, x)),
χ(η, x) = χ¯(η)(1 + δ(η, x)). (61)
Here η is conformal time and x are cartesian spatial co-
moving coordinates. The functions a(η) and χ¯(η) are the
scale factor and the scalar field according to the homoge-
neous isotropic “background solution”. The fluctuations
γµν(η, x) and δ(η, x) are small and we will linearize in
these fluctuations. For a linearized treatment we can deal
separately with fluctuations that belong to different rep-
resentations of the rotation group since symmetry forbids
their mixing. We will work in momentum space with k
the three-dimensional comoving momentum. In the lin-
ear approximation fluctuation modes with different k can-
not mix due to three-dimensional translation symmetry of
the background solution. Again, different k-modes can be
treated separately. A general inhomogeneous Universe (61)
is finally obtained as a linear superposition of the different
modes.
8Graviton fluctuations
Let us concentrate on the graviton modes which corre-
spond to traceless transversal fluctuations of the metric
γmn(η, x) =
∫
x
eikxγmn(η, k), (62)
with m,n = 1...3 and
kmγmn(k) = k
nγmn(k) = 0,
δmnγmn(k) = 0. (63)
For the graviton fluctuations the components γm0, γ0n and
γ00 vanish and there is no mixing with the scalar fluctua-
tions δ or other fluctuations of the metric.
The field equations for the graviton fluctuations are de-
rived from the effective action (1) and read
(∂2η + 2Hˆ ∂η + k
2)γmn(η, k), (64)
with
Hˆ = ∂η ln(a) + ∂η ln(χ¯) = a
(
H +
˙¯χ
χ¯
)
. (65)
The contribution ∼ H is the usual Hubble damping, and
the term ∼ ˙¯χ/χ¯ arises from the χ-dependence of the ef-
fective Planck mass in the action (1). (Dots are deriva-
tives with respect to cosmic time t.) For the derivation
of eq. (64) one employs the fact that a(η) and χ¯(η) are
solutions of the field equations.
For the background solutions in the primordial flat frame
we employ, cf. appendix A,
˙¯χ
χ¯2
= c˜,
H
χ¯
=
h3
3c˜
, (66)
where c˜ is a slowly varying function for t→ −∞, while h3
approaches zero. For the example of Starobinsky inflation
one has c˜ ≈ c as given by eq. (53). In leading order we can
neglect the term involving H and treat c˜ as a constant.
This leads to oscillations with a damping proportional to
χ¯. To a good approximation the solution for the scalar field
reads (cf. appendix A)
χ¯(η) =
1
ac˜(η0 − η) ,
a ˙¯χ
χ¯
=
1
η0 − η , (67)
resulting in (
∂2η +
2
η0 − η ∂η + k
2
)
γmn = 0. (68)
This is the same equation as for the graviton fluctuations
in de Sitter space with (almost) constant scalar field where
Hˆ = H = (η0 − η)−1.
For a given km, say km = kδm3, we can group the two
modes obeying eq. (63) into a complex field γ,
γ = γ11 + iγ12, γ22 = −γ11, γm3 = 0. (69)
The solution of eq. (68) reads
γ(k) = c−(k)w−k (η) + c
+(k)w+k (η), (70)
with mode function
w−k (η) = (w
+
k (η))
∗ =
c˜√
2
k−
3
2 (−u+ i)e−iu, (71)
where
u = k(η − η0). (72)
The complex coefficient functions c−(k), c+(k) play the
role of free integration constants characterizing the dif-
ferent solutions of the linearized equations. Eq. (70) is
the general solution for the Fourier modes γmn(k), with
c±mn(−k) = (c±mn(k))∗. In the limit considered here c˜ is
independent of u. The reason for our particular normaliza-
tion of the mode function ∼ c˜ will become apparent below.
The general inhomogeneous solutions (70) are damped
oscillations. This damping stops for u2 ≪ 1. In other
words, for (η0 − η)2 ≪ 1/k2 the amplitude of the fluc-
tuations is “frozen”. This freezing of modes is the ana-
logue of the mode freezing in inflationary cosmology. In
the Einstein frame this happens once the wavelength of
fluctuations moves outside the horizon. In the primordial
flat frame there is no horizon, however, since geometry is
Minkowski space. Considerations of causality play no par-
ticular role. The freezing of modes occurs now through the
particular dynamics of the increase of the scalar field which
constitutes the effective Planck mass.
Graviton propagator
We have chosen a normalization of the “mode function”
w−k (η) such that for Bunch-Davies type initial conditions
the equal time graviton propagator reads [33]
Ggrav(k, η) = 4|w−k (η)|2. (73)
The graviton propagator obtains by inverting the second
functional derivative of the effective action [33, 47, 48]. Its
normalization is therefore constrained. From eq. (71) one
obtains
Ggrav(k, η) =
2c˜2
k3
(u2 + 1). (74)
It is directly linked to the observable tensor power spec-
trum,
∆2T (k, η) =
k3
pi2
Ggrav(k, η). (75)
The tensor power spectrum found in this way will be pre-
cisely the same as found in the standard treatment of pri-
mordial fluctuations for Starobinsky inflation in the Ein-
stein frame. For u2 → 0 it reads
∆2T =
2c˜2
pi2
≈ 2λ
3pi2
≈ 1
12Cpi2
. (76)
9Frame invariant evolution equations for
fluctuations
The fluctuation problem can be formulated in a frame
invariant way [33]. The fluctuations γmn(k) are the same in
all frames. The evolution equation (64) is already written
in terms of the frame-invariant quantities
A =
√
Fa, Hˆ = ∂η lnA. (77)
In the scaling frame one has
√
F = χ, while in the Einstein
frame
√
F is given by M . With ∂ηHˆ /Hˆ
2 = 1 + ν one
finds for ν = 0 the solution
w−k (η) =
1
A
√
2k
(
1− i
u
)
e−iu. (78)
(For generalizations to ν 6= 0 see ref. [33].) The solution
(78) is valid in all frames. Both k and η, and therefore u,
are invariant under Weyl scalings. For the primordial flat
frame has cf. eq. (67),
A−1 = c˜(η0 − η) = − c˜
k
u, (79)
while in the Einstein frame χ is replaced by the fixed Planck
mass M and
A−1 =
1
MaE
=
HE
M
H
−1
E =
HE
M
(η0 − η). (80)
The frame invariant expression for the graviton propa-
gator is given by
Ggrav(k, η) =
2
A2k
(
1 +
1
u2
)
. (81)
In the Einstein frame this yields the familiar expression
(u→ 0, A2u2 =M2k2/H2E)
∆2T (k) =
2H2E
pi2M2
, (82)
where HE is evaluated at the time of mode decoupling.
With H2E ≈M2/(24C) this equals the result (76).
For the observable modes one has u2 ≫ 1 for the early
stages before the modes are frozen. (In the Einstein frame
this refers to more than 60 e-foldings before the end of in-
flation.) Following the evolution (70), (71) backwards for
increasing η0−η, both the amplitude of the inhomogeneous
solutions and the graviton propagator increase. Both quan-
tities remain regular for finite η, but diverge for η → −∞.
For the inhomogeneous solutions one may question the
validity of the linear approximation since |γ|2 exceeds one
before growing even further. This is not the issue, however.
The correlation function Ggrav shows the same increase.
No linear approximation is used for the inversion of the sec-
ond functional derivative of the effective action such that
the graviton propagator is non-pertubative in this sense.
It only employs a given assumed form of the effective ac-
tion. There is, indeed, a parallel between the correlation
function and the behavior of inhomogeneous solutions. A
given correlation function is associated with the possible
existence of inhomogeneous solutions for which |γ2| is at
least of the same order as Ggrav.
We conclude that the approximation (1) cannot be a
consistent description of the effective action for χ → 0
or towards the infinite past. The graviton propagator di-
verges for η → −∞. Correspondingly, inhomogeneous cos-
mologies in the neighborhood of the homogeneous solutions
also diverge for η → −∞. We could be satisfied by using
eq. (1) only for the stages of inflation relevant for obser-
vation, and leave the issue of the beginning open. If we
want to extrapolate our discussion to η → −∞ we need
to modify the effective action in order to ensure finiteness
of the graviton propagator in this limit. This implies that
also the Starobinsky model has to be extended. Similar
observations apply to other inflationary models.
Regular inhomogeneous Universe
What breaks down if we follow a given k-mode to-
wards η → −∞ is easily identified in the primordial flat
frame. From eq. (1) it is obvious that the second functional
derivative of Γ with respect to the graviton fluctuations
is proportional to χ2 . In turn, the graviton propagator
Ggrav ∼ (Γ(2))−1 diverges proportional χ¯−2 for χ¯ → 0.
Since χ¯ → 0 for η → −∞, the divergence of Ggrav is ex-
pected in this approximation.
In a more complete description of the quantum effective
action one expects higher order derivative terms as
ΓD =
1
2
∫
x
√
gCµνρσDC
µνρσ , (83)
where Cµνρσ is the Weyl tensor and D may be a function
of χ and the covariant Laplacian. For constant D the term
(83) would contribute to the inverse graviton propagator a
piece ∼ Dq4 with q2 the invariant squared four-momentum
in Minkowski space, and a suitable covariant generaliza-
tion for other geometries. Even though no constant D is
expected – this would induce a ghost-like instability –any
smooth function D of the covariant Laplacian would give
a modification of the inverse propagator of a similar type,
with D replaced by D(q2). As χ → 0 the contribution to
the inverse propagator ∼ Dq4 dominates over the contri-
bution from the action (1) which is ∼ χ2q2. A graviton
propagator Ggrav ∼ D−1q−4 for χ → 0 does no longer
diverge in this limit for any non-zero k.
For a given k the space-inhomogeneity of the graviton so-
lutions contributes to q2 a piece k2/a2. The term involving
D will dominate the graviton propagator provided
Dk2
a2
≥ χ¯2. (84)
With eq. (67) this results in
Dk2 &
1
c˜2(η0 − η)2 , u
2 &
1
Dc˜2
. (85)
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In the range (85)the increase of Ggrav with increasing η0−η
will be stopped and Ggrav is expected to reach a finite
value in the infinite past for η → −∞. The inequality (85)
can also be seen in the Einstein frame, realizing that the
term ΓD is frame invariant for constant D. For Dk
2/a2E &
M2 the second functional derivative Γ
(2)
D dominates the
inverse graviton propagator. This again yields the second
condition (85).
We conclude that for a given k the effective action (1)(or
similar for other models) can only be used for values of η
in the range
η2 ≤ 1
Dc˜2k2
. (86)
While this range extends to η → −∞ for the homogeneous
solution k → 0, it is finite for the inhomogeneous solu-
tions corresponding to finite k. For the observable modes
the range (86) typically extends far larger than the range
needed for the predictions of the primordial fluctuation
spectrum. (In the Einstein frame the range (86) extends
much further than 60 e-foldings before the end of inflation.)
This statement depends, however, on the value of D and
breaks down for very large D. Going back in time beyond
the limit (86) one needs to take into account the effect of
the term (83).
The modification of the field equations due to the addi-
tional term ΓD will also be reflected in the behavior of the
inhomogeneous solutions for η → −∞. In the linear ap-
proximation the relations (70),(73) do not depend on the
precise form of the effective action. Only the precise shape
of the mode function w−k (η) will be modified since it obeys
a modified differential equation. Eq. (71) will change its
behavior in the range u2 & (Dc˜2)−1. The mode function
reaches a finite value for η → −∞ whenever Ggrav remains
finite. The backward extrapolation of the observable gravi-
ton inhomogeneities then remains finite in the infinite past.
This discussion leads to an important conclusion: When-
ever the graviton propagator remains finite, also the in-
homogeneous graviton solutions remain finite. If a finite
graviton propagator can be extrapolated backwards to the
infinite past, the same holds for corresponding inhomoge-
neous solutions of the field equations.
Strictly speaking, a proof of these statements only holds
for solutions that remain within the validity of a linear
approximation. Only in this case the evolution of the fluc-
tuations is guaranteed to be given by the same modifi-
cation of the mode function as the one appearing in the
evolution of the propagator. It seems likely, however, that
the linear approximation is not essential for the argument.
A given fluctuation solution could move outside the do-
main of validity of the linear approximation as it is ex-
trapolated backwards, and perhaps even diverge. It seems
rather unlikely, however, that all generic solutions can di-
verge. This would require that divergent fluctuations pro-
duce a finite correlation function that equals the propaga-
tor, Ggrav(η, x, y) ∼ 〈γ(η, x)γ(η, y)〉c. Except for unnatu-
ral cancellations we conclude that there must exist suffi-
ciently many fluctuation solutions – those that dominate
the correlation function – which remain finite if the prop-
agator remains finite. A finite propagator for η → −∞,
as expected for any realistic extended form of the effective
action, implies that the graviton solutions that are respon-
sible for the primordial graviton spectrum remain finite as
well.
Our discussion of the graviton fluctuations can be ex-
tended to the fluctuations which produce the primordial
fluctuations in the scalar sector. Again, a finite propaga-
tor in the scalar sector for η → −∞ implies that the scalar
fluctuations responsible for the primordial power spectrum
remain finite. The observable primordial power spectrum
is the same in the Einstein frame and the primordial flat
frame. Our overall conclusion is that the fluctuation solu-
tions responsible for the observable primordial fluctuation
spectrum can be extrapolated backwards to the infinite
past without encountering any singularity. This holds pro-
vided that the effective action for gravity remains regular
in the sense that if does not produce singular propagators,
except for the expected singularities for particle poles. The
observed inhomogeneous Universe remains then regular for
all times from the infinite past to the infinite future. The
big bang singularity is an artefact of a choice of fields in
the Einstein frame that becomes singular for χ → 0 even
for the relevant inhomogeneous cosmologies.
Squared Weyl tensor
In the Einstein frame it has often been found that for in-
homogeneous or anisotropic cosmologies the squared Weyl
tensor diverges as aE goes to zero. From this observation a
physical singularity was inferred, arguing with the invari-
ance of the squared Weyl tensor under conformal transfor-
mations. This argument is not accurate, however.
The quantity that is invariant under conformal transfor-
mations (Weyl scalings) is
W =
√
gCµνρσC
µνρσ =
√
gC2. (87)
The factor
√
g, which is often omitted in this type of argu-
ments, plays an important role. We notice that the quan-
tity transforming as a total derivative under general coor-
dinate transformations is also W , rather than C2.
Assume now that for some inhomogeneous solution in the
primordial flat frame one finds a finite C2 for η → −∞, and
that C2 remains finite for increasing η. In the primordial
flat frame also W remains finite, since
√
g = a4 reaches
a constant a¯4 for η → −∞. The frame invariance of W
implies that W remains finite in all frames related by Weyl
scalings, including the Einstein frame. With
√
g = a4E for
the Einstein frame one has
C2E =
W
a4E
. (88)
The squared Weyl tensor C2E will diverge for aE → 0 for
all geometries for which W∞ = W (η → −∞) differs from
zero. Thus a divergence of the squared Weyl tensor is in-
deed expected for many solutions of the field equations that
are not conformally flat. This divergence does not indicate
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any physical singularity. We have already seen the exis-
tence of other choices of fields – the primordial flat frame
– for which C2 remains regular provided W∞ remains fi-
nite. Again, the singularity of inhomogeneous solutions in
the Einstein frame is an artifact due to a singular choice of
field coordinates.
Arrow of time
Not every arbitrary inhomogeneous Universe can be
extrapolated backwards to the infinite past without en-
countering a singularity. Generic inhomogeneous and
anisotropic solutions diverge when extrapolated backwards
to η → −∞ [49, 50]. This may be the case even if the
effective action is modified by terms as ΓD in eq. (83).
The issue is related to the presence of decreasing fluctua-
tion modes. We denote the amplitude of such a decreasing
mode by ϕ(η, k), that we take real and positive for con-
venience. For a decreasing mode any interval of values at
time η1, ϕ(η1, k) < ϕ¯(η1, k), is mapped to a smaller inter-
val at η2 > η1, ϕ(η2, k) < ϕ¯(η2, k), ϕ¯(η2, k) < ϕ¯(η1, k).
Assume now that for η1 → −∞ arbitrary values of ϕ(η1, k)
(e.g. ϕ¯(η1, k) → ∞) are mapped to a finite interval
ϕ¯(η2, k) at η2. Starting at η2 and following the evolu-
tion backwards to η < η2, only the amplitudes in the in-
terval ϕ(η2, k) < ϕ¯(η2, k) can be followed consistently to
η → −∞. In contrast, for all values outside the allowed
interval, ϕ(η2, k) > ϕ¯(η2, k), the backwards solution has to
diverge for some finite ηs. The solution becomes singular,
and this singularity cannot be removed by field redefini-
tions.
This type of singularity does not indicate a singular cos-
mology. It rather indicates a prediction of a certain cosmol-
ogy, namely ϕ(η2, k) < ϕ¯(η2, k). Universes for which at η2
the prediction is violated are not allowed. If one tries, nev-
ertheless, to extrapolate the forbidden cosmologies back-
wards, the singularity at ηs reminds us the inconsistency
of the “forbidden Universes”. The situation is analogous
to a damped pendulum. If arbitrary initial conditions lead
to a maximal amplitude of 1cm after an hour, the attempt
to follow an oscillation with amplitude 5cm backwards will
lead to a solution that becomes singular in less than an
hour backwards.
We emphasize that this type of “singularity” can only
occur for decreasing modes. Decreasing modes often van-
ish at finite η2 if initial conditions with finite ϕ¯(η1, k) are
set for η1 → −∞. In contrast, modes with constant or
almost constant amplitude can be extrapolated backwards
to the infinite past. The “almost constant modes” can
decrease for a certain time interval, but they do not van-
ish at finite η2 for η1 → −∞ and finite ϕ¯(η1, k). They
correspond precisely to the “observable modes” in the pri-
mordial fluctuation spectrum. The gauge invariant scalar
modes typically contain an almost constant mode as well as
decreasing modes. Examples for decreasing scalar modes
are discussed in ref. [10]. They correspond to homogeneous
isotropic cosmologies attracted towards our ”eternal” solu-
tions as time increases. Typically, such deviations from the
attractor solution will diverge after a finite time ηs back-
wards, if they differ from zero at finite time η2. In contrast,
the almost constant mode is responsible for the scalar part
in the primordial fluctuation spectrum.
Setting all decreasing modes to zero at some time η2
during inflation, the Universe remains inhomogeneous. All
types of inhomogeneities that can be accounted for by the
almost constant modes are allowed. If the correspond-
ing propagators remains finite, this type of inhomogeneous
Universe can be extrapolated to the infinite past without
encountering a singularity, similar to the special case of the
graviton fluctuations discussed above. The Universe with
vanishing decreasing modes is precisely the observed in-
homogeneous Universe. This inhomogeneous Universe can
then last since the infinite past.
The presence of decreasing modes or damped fluctua-
tions constitutes an arrow of time [10]. While field equa-
tions are time reversal invariant, a given homogeneous
isotropic solution for the average metric is not. A given
non-static cosmology can be viewed as spontaneous break-
ing of time reversal symmetry. Fluctuations around a given
homogeneous isotropic “background solution” define an ar-
row of time. The positive time direction is the one for which
the decreasing modes get smaller. The presence of an ar-
row of time is a general property of fluctuations around
a time dependent cosmological solution. It does not need
concepts as increasing entropy, which does not play an im-
portant role in the lightlike vacuum at the beginning of
the Universe. Later on, after the end of inflation, entropy
increases in the positive time direction that is defined by
the behavior of fluctuations.
We conclude that a requirement that arbitrary inhomo-
geneous solutions can be extrapolated backwards to infinite
time for a singularity free ”eternal Universe” is not appro-
priate in the presence of decreasing modes. If an eternal
Universe produces for certain decreasing modes a vanishing
value at finite time η2, only cosmologies with this property
can be extrapolated arbitrarily far to the past. For allowed
generic solutions one only should require that for η1 →∞
arbitrary initial conditions can be set within the vicinity of
a proposed cosmological solution, and that the evolution
for finite η2 remains regular for all these initial conditions.
The problem of initial values or the Cauchy problem is
time-direction sensitive. Initial conditions have to be set in
the past, and evolved towards the future. Setting ”generic
initial conditions” at some finite time η2, any attempt of
arbitrary backwards extrapolation runs into problems in
the presence of strongly decreasing modes. For example,
requiring at the end of inflation a critical density Ω = 1+∆,
with |∆| ∼ 10−6, may at first sight look generic. It con-
tradicts, however, many inflationary models which predict
a smaller value of |∆|. The ”initial condition” |∆| ∼ 10−6
at the end of inflation cannot be extrapolated backwards
within the validity of these models. One would not con-
clude, however, that the models themselves break down.
Only |∆| ∼ 10−6 is contradicting the prediction of such
models.
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VI. Quantum scale symmetry
The absence of a parameter with dimension of mass or
length in the quantum effective action indicates quantum
scale symmetry [44], as characteristic for a fixed point in
the renormalization flow of couplings, or more generally,
functionals. It is sufficient that there exists one frame
where this property is obeyed. Field transformations can
introduce a scale, as the Planck massM , in the transforma-
tion to the Einstein frame. Such a scale is then a property
of the choice of fields, and not of the physical model. The
effective action in frames of the type (1) is scale invariant
if B and λ do not involve an intrinsic scale. Interesting
“crossover cosmologies” arise if an “UV-fixed point” is re-
alized in the infinite past for χ→ 0, while for increasing χ
the Universe makes a transition to an “IR-fixed point” in
the infinite future for χ→∞ [9, 51]. This scenario requires
that B(χ) and λ(χ) assume constant values for χ→ 0.
An UV-fixed point of the renormalization flow corre-
sponds to a scaling solution of the scale dependent effective
average action
Γk =
∫
x
√
g
(
− F¯
2
R+
1
2
K¯∂µχ∂µχ+ U¯(χ)
)
, (89)
where k is the renormalization scale and the k-dependent
functions F¯ , K¯ and U¯ are given by
F¯ = 2w˜(ρ˜)k2, K¯ = κ(ρ˜), U¯ = k4u(ρ˜), ρ˜ =
ρ
k2
. (90)
Here we replace χ by a scalar singlet field ψ, ρ = ψ2/2.
The scaling form of the effective action for fixed dimen-
sionless fields ρ˜ does not involve any mass scale except the
renormalization scale k. For ρ˜→ 0 we expand
w˜ = w0 +
ξ
2
ρ˜, κ = κ0 + κ1ρ˜, u = u0 + m˜
2ρ˜. (91)
We next perform a Weyl scaling to the primordial flat
frame, with
w2 =
χ2
F¯
=
χ2
k2(2w0 + ξρ˜)
. (92)
(The function w in the Weyl scaling should not be con-
founded with the function w˜(ρ˜) in the expansion of F . The
similarity of the notation is due to historical use.) In lead-
ing order one has
χ = µ˜(ρ˜)
1
γ , (93)
and finds for the effective action (1)
λ =
u0
4w20
[
1−
(
ξ
2w0
− m˜
2
u0
)(
χ
µ˜
)γ]
, (94)
and
B = b1
(
χ
µ˜
)γ
. (95)
Here γ is given by
γ =
√
4b1w0
κ0
, (96)
with
b1 =
6ξ
w0
− 6m˜
2
u0
+
9κ0
2w0
(
1−
√
1 +
8
3κ0
(
ξ − w0m˜
2
u0
))
. (97)
The derivation of this result can be found in the appendix
E.
For the behavior χ→ 0 we observe that for w0 > 0, κ0 >
0 the approach of B to zero and of λ to λ0 now involves a
power (χ/µ˜)γ . This replaces x(χ) in eq. (3) by ρ˜(χ). We
may want to solve the primordial flat frame condition (15)
beyond leading order. This amounts to further terms in B
and λ involving higher order powers of ρ˜. We can again
perform a systematic expansion similar to the appendix B.
Eq. (B3) is replaced, however, by
∂ρ˜
∂ lnχ
= γρ˜, (98)
for which the r.h.s vanishes with a different power. We em-
phasize that the arbitrary mass scale µ˜ is only introduced
by the definition of χ in eq. (93). It is not a fixed scale
of the theory. There is no memory of the renormalization
scale k left. Since a scaling solution does not single out
a particular scale k this is a natural outcome. The same
feature is observed if one transforms to the Einstein frame.
In this case M is introduced by the Weyl transformation,
and no memory of k is left either.
Scaling solutions for quantum gravity coupled to a scalar
field have been computed by functional renormalization.
For computations of the overall form of the potential u(ρ˜)
and the curvature coefficient w˜(ρ˜) see refs. [52–56]. Once
remaining open points in these computations are clarified,
the function κ(ρ˜) is computed, and the behavior of higher
derivative terms is established, such computations could
lead to quantum gravity predictions for properties of infla-
tion.
VII. Lightlike vacuum in the Einstein
frame
The physical properties of the lightlike vacuum can be
seen in a rather direct way in the primordial flat frame. All
particle masses vanish in the infinite past since they are
proportional to χ and χ goes to zero. The homogeneous
Universe can be extended to the infinite past. This ex-
tends to neighboring inhomogeneous cosmologies provided
that the propagators remain finite for χ→ 0. Cosmic time
t and conformal time η are proportional to each other for
Minkowski space, and for both times the regular cosmo-
logical solution can be extended to infinite negative values.
Physical properties should be independent of the choice of
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fields used to parameterize them. The physical properties
should therefore be the same in the Einstein frame. With a
discussion of observable particle masses and physical time
in the Einstein frame we will show that this is indeed the
case.
Lightlike vacuum
While the property of emptiness of the universe in the
inflationary stage is well known, the lightlike behavior of
excitations needs a more detailed discussion [37]. We aim
here for physical properties that are at least in principle ob-
servable by a gedankenexperiment. In a quantum field the-
ory observable quantities should not depend on the choice
of fields used to describe them. In more technical terms
they should not depend on the “frame” used for the met-
ric field. Observable quantities have to be dimensionless.
In our case the relevant dimensionless quantity is the ratio
mass over momentum m/p. It is this ratio that matters
for the distinction between relativistic and non-relativistic
particles and for the issue of the use of proper time for a
physical time definition. The ratio between particle mass
and Planck mass, which determines the strength of gravity,
is not relevant for this purpose. For m/p → 0 the parti-
cle becomes ultrarelativistic and propagates like light – the
difference to the propagation of a photon disappears in this
limit.
In the familiar Einstein frame with fixed particle mass
m the universe expands roughly exponentially during the
inflationary epoch,
a(t) ≈ exp{HE(t− ti)}a(ti), (99)
with a(t) the scale factor in the Robertson-Walker metric
and t cosmic time. As a consequence the physical momen-
tum of a particle, p = k/a, with k the comoving momen-
tum, decreases exponentially,
p(t) ≈ exp{−HE(t− ti)}p(ti). (100)
A slow time dependence of HE does not change the situa-
tion.
Consider now at the time t0 at the end of inflation a su-
perheavy particle with mass m of the order of the Planck
mass and a very small momentum, say p(t0) = 10
−10m. At
this time the particle is non-relativistic, m/p = 1010, and
has a momentum much smaller than the expansion rate of
the Universe HE . Looking at a time t sixty e-folds before
the end of inflation, one finds already a rather small ratio
(m/p) ≈ e−601010 ≈ 10−16, and the particle is ultrarel-
ativistic. Going back further the ratio further decreases
rapidly. For nucleons with the same momentum the ratio
is a factor 10−18 smaller at any time. We can repeat the
argument by placing ti at some arbitrary moment during
inflation. If inflation lasts long enough before ti the particle
will again be ultrarelativistic at sufficiently early t.
In particular, if the inflationary epoch has no “begin-
ning event” at some t¯, any nonzero momentum p(ti) will
diverge as t goes to minus infinity. A more detailed discus-
sion would consider the evolution of momentum distribu-
tions, but the sense in which we speak about a “lightlike”
vacuum should already be clear: towards the beginning
particles propagate similar to photons. (There is always a
tail of extremely small momenta p(ti) for which (m/p)(t)
remains larger than one at any given finite t. See ref. [37]
for a discussion of different limits.) We will focus here
on inflationary scenarios without a “beginning event” and
discuss alternatives at the end of this note. Towards the
“beginning” t→ −∞ all particles then become massless in
physical terms, justifying the notion of a lightlike vacuum.
Indeed, in terms of the relevant ratio m/p all particles be-
come massless towards the beginning, irrespective of the
choice of frame. Only the particular picture or ”mecha-
nism” for the realisation of massless particles differs be-
tween the frames. In the primordial flat frame it is due
to a field dependence of the masses and χ → 0, while in
the Einstein frame it arises from a vanishing scale factor
aE → 0.
Massless particles are an indication of the possibility of
unbroken scale symmetry. In the scaling frame or primor-
dial flat frame scale symmetry is directly visible. In the
Einstein frame it is obscured by the introduction of a fixed
mass scale M in the Weyl transformation.
Physical time
The statement that the beginning epoch of the Universe
can last since ever may encounter more doubts. In the
Einstein frame one observes that a vanishing scale factor
is reached for infinite negative cosmic time in one class of
inflationary models comprising, for example, Starobinsky
inflation. In another class a vanishing scale factor may be
reached at finite t. It has been argued that the limit a→ 0
corresponds to a singularity [57, 58]. Under rather gen-
eral conditions it has been shown that a→ 0 is necessarily
reached at a finite proper time [59, 60]. This “geodesic
incompleteness” has given rise to the opinion that in stan-
dard inflationary cosmology the Universe starts with a sin-
gularity and that the inflationary epoch only lasts for an
extremely short physical time, say 10−40 seconds. Many al-
ternative beginnings have been proposed that aim to avoid
this “initial singularity”.
We argue here that in standard models of inflation there
is no physical initial singularity and physical time tph ex-
tends to the infinite past, tph → −∞. We want to show
here how infinite physical time is found in the familiar Ein-
stein frame with fixed particle masses. We note that proper
time is useful for many purposes, but it is not a reasonable
physical time when we consider the Universe towards its
“beginning”. As is well known, proper time cannot be
used for massless particles, and we have just seen that all
particles become effectively massless for η → −∞. Fur-
thermore, proper time is not a frame invariant quantity
but rather depends on the specific choice of a metric field.
A detailed discussion [37] reveals that proper time is indeed
inappropriate for the limit a→ 0.
14
We propose to define physical time by some type of
counting the number of oscillations. This is close to what is
done for the present time definition by counting the num-
ber of oscillations for a given transition in an atomic clock.
There will be no atomic clocks in the inflationary epoch,
but wave functions of particles, mode functions or prop-
agators still show oscillatory behavior. We may use the
number of oscillations of the wave function for photons for
a given comoving momentum k. Equivalently, one could
use gravitational waves or the wave functions for gravitons.
Expressed in conformal time η the wave functions of
massless particles in an isotropic homogeneous Universe
obeys the evolution equation
(∂2η + 2Ha∂η + k
2)ϕk = 0. (101)
Here the complex functions ϕk(η) are Fourier modes, cor-
responding to eigenstates of comoving momentum k, H =
∂ta/a, H = Ha = ∂η ln(a), adη = dt. We factor out the
Hubble damping,
ϕ˜k = aϕk,
(
∂2η + k
2 − a
2R
6
)
ϕ˜k = 0, (102)
with R the curvature scalar. In the beginning of inflation
one has |a2R| ≪ k2 for any k. Then the number of oscilla-
tions nk is proportional to conformal time
nk =
kη
2pi
. (103)
We define a dimensionless physical time by the number
of oscillations nk that a photon wave function undergoes
starting from some reference point. If we choose the end
of inflation as a reference point, physical time is negative
during inflation. Different modes k define different clocks.
The corresponding physical time defined by the counting of
different clocks is directly related by its proportionality to
k. As done for atomic clocks, one selects a “reference clock”
by some reference comoving wavelength ∼ k−1 and gauges
the other clocks correspondingly. Also the oscillations of
the wave functions of massive particles in the cosmic refer-
ence frame can be gauged to the ”reference photon clock”.
For k 6= 0 one has a finite number of oscillations of the
particle wave function for one oscillation of the reference
photon clock.
Due to the simple relation (103) we propose to use
conformal time η as a good proxy for physical time. It
is directly proportional to physical time for all geome-
tries for which R can be neglected as compared to the
squared inverse wavelength or squared physical momen-
tum q2 = k2/a2. Conformal time introduces units of time
∼ k−1. It guarantees the “gauging of clocks” with dif-
ferent wavelength. As an important aspect for our discus-
sion, conformal time is invariant under Weyl scalings of the
metric. It is the same in all frames related by conformal
transformations.
Physical “oscillation time” is precisely the same in all
frames. The counting of oscillations is discrete and there-
fore independent of the choice of fields. It is not affected
by coordinate transformations. The universality of confor-
mal time is more restricted. Its equivalence with oscilla-
tion time holds for homogeneous isotropic cosmologies if
the curvature scalar is negligible and if the particles are
massless. For our purpose this is sufficient and we will use
conformal time as a definition for physical time here.
Measured in oscillation time the time distance to the
“big bang singularity” at “a = 0” is infinite. The clocks
tick an infinite number of time. For inflationary models
without a beginning event the Universe is eternal, it has
existed forever in physical time. In the Einstein frame the
cosmic time interval ∆t between two ticks gets shorter and
shorter as one approaches a→ 0, whereas in the primordial
flat frame ∆t goes to a constant. The number of ticks is
the same. Both conformal time and physical oscillation
time can be extrapolated backwards to the infinite past
η → −∞. With conformal time being the same in both
frames, it is the mapping to cosmic time t(η) that depends
on the frame. While in the primordial flat frame the ratio
of intervals between two ticks,
∆t
∆η
≈ a(η) (104)
is given by the constant a¯, it goes to zero in the Einstein
frame. This is the reason why in the Einstein frame the
cosmic time elapsed since the “big bang singularity” can
be finite, tBB ≈ 13.7 billion years, despite oscillation time
and conformal time being infinite.
One may also map oscillation time to proper time.
Proper time is not useful for the limit a→ 0 since all parti-
cles become massless. Nevertheless, it can become a useful
concept for later stages in the evolution of the Universe.
Proper time is not independent of the choice of frames.
For its relation to oscillating wave functions for massive
particles, see ref. [37].
Expressed in conformal time the history of the hot big
bang Universe and inflation looks less dramatic. Measured
in physical (conformal) time the “conformal age” of the
Universe since the end of inflation amounts to around 46
billion years. For a cosmological epoch where
a(t)
a(tin)
=
(
t
tin
) 2
n
, (105)
with n = 3(4) for matter (radiation) domination, one finds
η(t1)− η(t2) =
(
1− 2
n
)−1
t
2
n
ina
−1
in
(
t
1− 2
n
1 − t
1− 2
n
2
)
. (106)
For some time t in the radiation dominated epoch one has
ηeq − η(t) = 2zeq
(
teq − t
1
2
eqt
1
2
)
. (107)
The difference in conformal time is much larger than the
difference teq−t in cosmic time, being enhanced by the red-
shift 2zeq ≈ 7000 for matter radiation equality. In physical
time the radiation dominated epoch between the end of in-
flation and matter-radiation equality lasts for 3.3 ·108yr or
around one percent of the conformal age of the Universe.
15
The most important qualitative difference between phys-
ical time and cosmic time t occurs for the (almost) expo-
nential expansion (99) during inflation. For ti = t0 the end
of inflation and t some time during inflation one has
η(t0)− η(t) = 1
HE
(
1
a(t)
− 1
a(t0)
)
=
1
HEa(t0)
(exp{HE(t0 − t)} − 1) . (108)
Physical time diverges for a(t)→ 0, and the Universe lasts
since ever when time is measured in physical units.
VIII. Discussion
In this paper we discuss the inflationary epoch in the
early stages of the evolution of the Universe. We describe
standard inflationary models in the primordial flat frame
for which geometry approaches Minkowski space as phys-
ical time goes to the infinite past. For several models, as
Starobinsky inflation or chaotic inflation, we construct the
primordial flat frame explicitly. In this frame the effective
action for the metric and a scalar field features a dynamical
Planck mass given by the scalar field and a negative coeffi-
cient of the scalar kinetic term. Nevertheless, these models
of variable gravity are stable. We solve the field equations
explicitly and show that geometry approaches flat space for
cosmic time t→ −∞.
As a consequence, the Universe can exist since an infinite
time in these standard models of inflation. The Universe
can be eternal in the past and the future. This does not
necessarily imply that our Universe has been forever in
this “beginning stage” of inflation. This is one possibility,
but other possibilities as a bounce crossing the big bang
singularity [61–64], or creation by a fluctuation in a finite
region of a multiverse [6, 7], remain possible as well. In
this case the solutions discussed in this paper may have
been approached at a finite time t, while the limit t→ −∞
is different. Many aspects of our discussion apply to such
scenarios as well.
The question arises if our Universe emerges in the infi-
nite past from a singularity or from a regular solution. In
this context one has to differentiate between field singu-
larities and ”physical singularities”. Field singularities are
an artifact of a particular choice of ”field coordinates” in
field space. For cosmology, this concerns the choice of the
metric frame. For the absence of a physical singularity it
is sufficient that one frame exists for which one can estab-
lish that all ”observable quantities” remain finite. A field
transformation to another frame may be singular at cer-
tain points in field space. In this case it introduces a field
singularity. This is what happens for the homogeneous
cosmologies discussed in this paper. In the primordial flat
frame everything remains regular. The singularities in the
Einstein frame arise from the Weyl transformation becom-
ing singular for a vanishing scalar field. The situation is
analogous to regular and singular coordinate patches in ge-
ometry.
For the issue of a possible physical singularity one has to
differentiate between the homogeneous isotropic solution
and neighboring inhomogeneous cosmologies. The homo-
geneous solution shows no singularity. With the present
approximation to the effective action, however, the stan-
dard inflationary models lead to physical singularities if
the inhomogeneous solutions are extrapolated to the infi-
nite past. Even though this singularity appears only in the
infinite past in physical time, we consider it as a shortcom-
ing of the present models or approximations.
One of the aims of the present paper is to shed new light
on the status of these singularities. A first important ob-
servation states that not all inhomogeneous solutions need
a regular continuation backwards to the infinite past. Part
of the inhomogeneous cosmological solutions can, and often
will, diverge if extrapolated backwards without signalling a
physical singularity. These singularities may even occur at
finite physical time. The reason is spontaneous breaking of
the time reversal symmetry by the homogeneous cosmolog-
ical solution. As a result the evolution of small fluctuations
around this solution involves damping. If for certain ”de-
creasing fluctuation modes” the damping is strong enough,
their amplitude is predicted to be bounded within a cer-
tain interval at some given time in cosmology, say the end
of inflation. Only values (or ”initial conditions”) within
this allowed interval can be extrapolated consistently to
the past. Initial conditions outside this interval contradict
the prediction of the model and are not allowed.
In view of this arrow of time arbitrary initial conditions
should only be set in the infinite past if one wants to study
the issue of physical singularities. In many circumstances
it is predicted that for generic initial conditions in a certain
range the amplitude of certain decreasing modes is zero at
the end of inflation. Non-zero values for inhomogeneities
in these modes are then expected to lead to a singular be-
havior if one extrapolates backwards. If the prediction of a
zero value concerns whole modes, a generic inhomogeneous
cosmology at the end of inflation cannot be extrapolated
backwards to the infinite past.
The absence of inhomogeneities in the decreasing modes
is not the central problem for the issue of possible physical
singularities. The problem concerns the observable fluc-
tuations. Their mean amplitude can be computed from
the second functional derivative of the effective action and
therefore involves the propagators for the physical fluctua-
tions. These fluctuations are predicted to be different from
zero. As a consequence, one can extrapolate the inhomoge-
neous cosmological solutions corresponding to these modes
backwards in time and use them for the investigation of
physical singularities for a given cosmological model. In the
present approximations or models the amplitude of these
observable modes diverges as one approaches the infinite
past, indicating a physical singularity.
The investigation within the primordial flat frame helps
to trace the origin of this singularity. The amplitude of the
observable fluctuations is directly linked to the propagator
for these modes. In the approximation (1) the propagator
for the graviton diverges for χ → 0. The inverse propa-
gator is given by the second functional derivative of the
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effective action with respect to the graviton fluctuations.
It vanishes for a vanishing scalar field χ. Since χ vanishes
in the infinite past, the graviton propagator has to diverge
in the infinite past, producing the singularity for the cor-
responding inhomogeneous cosmologies.
In the primordial flat frame it becomes apparent where
the remedy to this problem has to be looked for. One
needs a modification of the graviton propagator (and pos-
sibly also other propagators) for momenta that are large as
compared to χ. (In the Einstein frame this concerns mo-
menta larger than the Planck mass.) In any quantum field
theory for the metric one indeeds expects that the quantum
effective action contains terms involving higher derivatives
of the metric. The one contributing to the graviton prop-
agator in flat space is given by eq. (83). If a consistent
function D(q2) can be found, the singularities will disap-
pear whenever D differs from zero for non-zero momenta.
In this case the graviton propagator for k 6= 0 remains
finite in momentum space, and finiteness for the Fourier
transform from frequency to η can be expected. If the
graviton propagator remains finite for η → −∞ no phys-
ical singularity will occur in this sector of inhomogeneous
cosmologies.
Finding an acceptable form of D(q2) is a central issue in
all approaches to quantum gravity. This term governs the
behavior for large momenta and therefore the short dis-
tance behavior of gravity in the traceless transversal ten-
sor (graviton) sector. A simple polynomial form produces
ghosts and is most likely unacceptable. An acceptable form
is not yet known. For any consistent quantum field theory
for the metric is has to exist. If not, this indicates that the
short distance behavior of gravity has to be formulated in
terms of degrees of freedom different from the metric.
This discussion reveals that the issue of singularities
in the inhomogeneous cosmological solutions can only be
solved if an acceptable propagator for the graviton fluctu-
ations at high momenta is found. A propagator becom-
ing singular in the infinite past will always lead to diver-
gences in the corresponding inhomogeneous cosmological
solutions. We believe that an acceptable graviton propa-
gator exists, but a definite statement has to wait until it is
found.
Fortunately, the issue concerns only the very early stages
of inflationary cosmology. We have determined the range
of k and η for which the higher derivative terms of the type
(83) become relevant. This is typically outside the range
relevant for the observed fluctuation spectrum.
The main theme of the present work concerns the formu-
lation of standard inflationary models in the primordial flat
frame. While a discussion in a different metric frame can
always be done, one may ask if such a reformulation is use-
ful. We may list several points for which the formulation
in the primordial flat frame leads to new insights.
(1) The homogeneous isotropic solution in the primor-
dial flat frame shows no singularity. It is regular for all
t, including the limit t → −∞. The metric, the inverse
metric and the scalar field remain finite.
(2) The solutions approach Minkowski space for t →
−∞. This makes the interpretation of time rather simple.
Conformal time is proportional to cosmic time and both
can be continued to infinite values in the past.
(3) The fluctuation problem, based on the propaga-
tor and mode functions, becomes particularly simple in
flat space. It is sufficient to establish the propagator in
Minkowski space, taking into account a time varying scalar
field.
(4) The role of higher derivative terms in the effective
action becomes comparatively simple. Unless their co-
efficients diverge they play no role for the homogeneous
isotropic solution in the limit t→ −∞. The squared Weyl
tensor does not modify the homogeneous isotropic field
equations, and the squared curvature tensor R2 becomes
subleading for the solutions found, with R2/(χ2R)→ 0 for
t → −∞. On the other hand, the higher derivative terms
will dominate the graviton propagator at non-zero momen-
tum in the limit χ → 0, unless the coefficient function D
for the squared Weyl tensor vanishes.
(5) It is directly visible that all particles become mass-
less for t → −∞. This follows from the solution χ(t →
−∞)→ 0, given that for variable gravity in the primordial
flat frame all particle masses are proportional to χ.
(6) Quantum scale symmetry is directly visible for t →
−∞. Indeed, for χ → 0 the effective action in the pri-
mordial flat frame does not involve any parameter with
dimension of mass or length. The choice of fields for the
primordial flat frame is one for which the scale transforma-
tions are implemented in a simple manner.
(7) The quantum scale symmetry of the effective action
allows for a direct connection to an ultraviolet fixed point
for quantum gravity, as postulated for asymptotic safety
[65, 66]. Fixpoints induce exact quantum scale symmetry
[44].
(8) From the point of view of the functional renormal-
ization flow the choice of fields used for the primordial flat
frame minimizes the dependence of the scaling solution on
the renormalization scale k. For the scaling solution the di-
mensionless functions in the (average) effective action only
depend on χ2/k2. If the limits χ → 0 and χ → ∞ do not
diverge, the effective action becomes independent of k in
these limits.
One may also ask what one can learn from the compar-
ison of different frames. The most important point in this
respect is the focus on physical properties. They are for-
mulated in the form of quantities that are, in principle,
observable, at least by a “Gedankenexperiment”. For the
beginning epoch or inflationary epoch key properties are:
(i) The state of the Universe is a vacuum, characterized
by expectation values of fields and fluctuations, as encoded
in propagators. In the early stages propagating particles
are extremely rare, and there is almost no entropy. Par-
ticles and entropy are created during the heating period
after the end of inflation.
(ii) All particles are almost massless, and precisely mass-
less in the infinite past. This property does not only con-
cern the relativistic propagation of the rare particles, but
also the relativistic form of the propagator and the associ-
ated primordial fluctuation spectrum.
(iii) The evolution in the early stages of the Universe is
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very slow in physical time. For the primordial flat frame
both the relative change of the scalar field χ˙/χ, and the
relative change of the scale factor, H = a˙/a, go to zero
for t → −∞. They define the inverse characteristic time
scales. The change in geometry is even much slower than
the change in the scalar field, Hχ/χ˙→ 0 for t→ −∞.
The physical properties of the inflationary epoch are the
lightlike vacuum. In contrast to the view of a very tumul-
tuous epoch we may call this stage the “great emptiness”.
Appendix A.
Cosmological solutions for the primordial
flat frame for Starobinsky inflation
In this appendix we discuss the field equations and their
solution for the model (1),(2). The metric field equations
derived from the action (1) read for a Robertson-Walter
metric (R = 12H2 + 6H˙)
3χ2H2 = λχ4 +
B − 6
2
χ˙2 − 6Hχχ˙, (A1)
χ2R = 4λχ4 −Bχ˙2 − 6χ(χ¨+ 3Hχ˙), (A2)
and the scalar field equation is given by
(B−6)(χ¨+3Hχ˙) = −4λχ3−χ4 ∂λ
∂χ
+χR− 1
2
∂B
∂χ
χ˙2. (A3)
Our aim is the investigation of possible solutions of the
field equations (A1)-(A3) with a geometry close to flat
space. For this purpose we first bring them into a suit-
able form. For χ 6= 0 we can insert eq. (A2) into eq. (A3),
χ¨+ 3Hχ˙ = − ∂λ
∂ lnχ
χ3
B
−
(
1 +
1
2
∂ lnB
∂ lnχ
)
χ˙2
χ
. (A4)
Taking linear combinations, the two other field equations
become
H2 + 2H
χ˙
χ
= f1, f1 =
λ
3
χ2 +
B − 6
6
χ˙2
χ2
. (A5)
and
H˙ − 4H χ˙
χ
= f2,
f2 =
∂λ
∂ lnχ
χ2
B
+
1
2
(
6−B + ∂ lnB
∂ lnχ
)
χ˙2
χ2
. (A6)
A similar form is found for eq. (A4),
3H
χ˙
χ
= f3,
f3 = − ∂λ
∂ lnχ
χ2
B
−
(
1 +
1
2
∂ lnB
∂ lnχ
)
χ˙2
χ2
− χ¨
χ
. (A7)
Exact flat space solutions require f1 = f2 = f3 = 0.
For the solution of the field equations (A5)-(A7) for the
type of models considered here we make the ansatz (χ 6= 0)
χ˙2
χ4
= c˜2(χ), χ˙ = c˜χ2, (A8)
which implies
χ¨
χ
= c˜2
(
2 +
∂ ln c˜
∂ lnχ
)
χ2. (A9)
The r.h.s. of eqs. (A5)-(A7) become
fk = hkχ
2, (A10)
with
h1 =
λ
3
−
(
1− B
6
)
c˜2, (A11)
h2 =
1
B
∂λ
∂ lnχ
+
1
2
(
6−B + ∂ lnB
∂ lnχ
)
c˜2, (A12)
h3 = − 1
B
∂λ
∂ lnχ
− 1
2
(
6 +
∂ lnB
∂ lnχ
+
∂ ln(c˜2)
∂ lnχ
)
c˜2. (A13)
The functions hk and the function c˜ in eq. (A8) have
to obey certain relations which are required by the self-
consistency of the field equations. We observe the relations
H
χ
=
h3
3c˜
,
H2
χ2
= h1 − 2
3
h3. (A14)
The consistency of the system of field equations therefore
requires
h23
9c˜2
= h1 − 2
3
h3, c˜
2 =
h23
9h1 − 6h3 . (A15)
Eq. (A15) is a first consistency relation.
From the first equation (A14) we infer
H˙ =
[
h3
3c˜
+
∂
∂ lnχ
(
h3
3c˜
)]
χ˙
=
h3
3
(
1 +
∂ lnh3
∂ lnχ
− ∂ ln c˜
∂ lnχ
)
χ2. (A16)
Eqs. (A6), (A7) therefore impose the relation
h2 +
4
3
h3 =
h3
3
(
1 +
∂ lnh3
∂ lnχ
− ∂ ln c˜
∂ lnχ
)
, (A17)
or
h2 + h3 =
1
3
∂h3
∂ lnχ
− h3
6
∂ ln(c˜2)
∂ lnχ
. (A18)
Eq. (A18) is the second consistency relation.
Solutions with H = 0, H˙ = 0 are approached for limits
for which all hkχ
2 vanish. We are interested in solutions
for which χ vanishes. The approach to a constant scale
factor will require that the functions hk vanish fast enough
for χ → 0. We consider models for which B vanishes in
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this limit, as for the model (2). Then the coefficient h1
vanishes if for χ→ 0 or x→ 0 one has
c˜2 =
λ
3
. (A19)
The coefficients h2 and h3 also vanish in leading order if
1
B
∂λ
∂ lnχ
= −3c˜2. (A20)
Thus all hk go to zero if besides eq. (A19) one has
∂ lnλ
∂ lnχ
= −B. (A21)
For the model (2) we are interested in χ2 ≪ µ2/ct such
that the term ct in the logarithm (2) can be neglected, and
∂x
∂ lnχ
= 2x2. (A22)
For the model (2) one obtains
∂ lnλ
∂ lnχ
= −6x2 1−
5x
3 ln
(
2
3x
)
+ 5x6
1− 3x2 + 5x
2
4 ln
(
2
3x
) , (A23)
and
∂B
∂ lnχ
= 24x3
(
1− x
2
ln
(
2
3x
)
+
10x
3
)
. (A24)
For x→ 0 eq. (A21) is indeed obeyed. Since λ approaches
a constant λ0, c˜ also goes to a constant. The solution of
eq. (A8) for the scalar field reads
1
χ
= c˜(t0 − t) + δ, (A25)
where δ remains bounded for t→ −∞. In the infinite past
for t→ −∞ the scalar field vanishes ∼ [c˜(t0 − t)]−1.
For a more detailed investigation of the solution for t→
−∞ we parameterize
c˜2 =
λ
3
(1 + ∆). (A26)
This results in
χ¨
χ3
=
(
2 +
1
2
∂ lnλ
∂ lnχ
)
c˜2 +
λ∆˙
6c˜χ
, (A27)
replacing in the equation (A13) for h3
∂ ln c˜
∂ lnχ
→ 1
2
∂ lnλ
∂ lnχ
+
λ∆˙
6c˜3χ
. (A28)
If ∆ is a function of χ one has
∂t∆
χ
=
1
χ2
∂∆
∂ lnχ
χ˙ = c˜
∂∆
∂ lnχ
, (A29)
and therefore
λ∂t∆
6c˜3χ
=
1
2
∂ ln(1 + ∆)
∂ lnχ
. (A30)
We will find ∆ ≪ 1, such that the second term ∼ ∂t∆ in
eq. (A28) can be neglected in leading order.
Let us first look at the coefficients hk for ∆ = 0. They
are all proportional to λ
h1 =
λB
18
, (A31)
h2 =
λ
B
(
∂ lnλ
∂ lnχ
+B − B
2
6
+
1
6
∂B
∂ lnχ
)
=
41x4λ
6B
(
3 ln
(
2
3x
)
− 2
)
, (A32)
h2 + h3 = − c˜
2
2
(
B +
∂ lnλ
∂ lnχ
)
= λx3
(
2
3
− 15
4
x ln
(
2
3x
)
+
7
2
x
)
. (A33)
Neglecting terms ∼ x3 (including logarithms) one has
h1 =
λx2
3
, h2 = −h3 = 41λx
2
36
(
3 ln
(
2
3x
)
− 2
)
.
(A34)
For ∆ = 0 the consistency condition (A15) is not met since
h1 − 2
3
h3 =
λx2
9
(
41
2
ln
(
2
3x
)
− 32
3
)
(A35)
is of the order x2, while h23 is of the order x
4. We therefore
need to include the effects of ∆ 6= 0.
We can employ the consistency condition for a determi-
nation of ∆. In leading order ∆ will be found to be of the
order x2. It is therefore sufficient to include in h1 and h3
the leading order terms
δh1 = −λ
3
∆, δh2 = −δh3 − λ∆. (A36)
The consistency condition (A15) fixes ∆ according to
h23 = 3λ
[
λx2
9
(
41
2
ln
(
2
3x
)
− 32
3
)
+
λ∆
3
]
. (A37)
One infers
∆ = −
(
41
6
ln
(
2
3x
)
− 32
9
)
x2 +O(x3). (A38)
We find that ∆(t) is indeed a function of χ(t) such that the
approximations (A8), (A29) are valid. Furthermore, with
h23 ∼ x4 only the contribution of δhk proportional to x2
needs to be included in the leading terms for hk. Adding
the terms (A36) one finds the leading contributions
h1 =
λx2
9
(
41
2
ln
(
2
3x
)
− 23
3
)
, (A39)
h3 = −h2 = λx
2
6
(
41
2
ln
(
2
3x
)
− 23
3
)
. (A40)
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Both h1 and h3 are positive for small x.
For a check of the consistency condition (A38) for H˙
we observe for ∆ approximated by the leading order term
(A38)
1
3
∂h3
∂ lnχ
− h3
6
∂ lnλ
∂ lnχ
= λx3
(
41
9
ln
(
2
3x
)
− 215
54
)
− λx
4
12
(
41 ln
(
2
3x
)
− 46
3
)
(A41)
and
h2 + h3 = −Bλ
6
(1 + ∆)− 1
6
∂
∂ lnχ
[λ(1 + ∆)]
= λx3(1 + ∆)
(
2
3
− 5x
4
ln
(
2
3x
)
+
9x
4
)
− λ
6
∂∆
∂ lnχ
= λx3
[
41
9
ln
(
2
3x
)
− 215
54
− 5x
4
ln
(
2
3x
)
+
9x
4
]
. (A42)
The terms ∼ x3 are indeed identical for eqs. (A41) and
(A42). For the terms ∼ x4 one would have to include
corrections ∼ x3 in ∆.
We can now determine the Hubble parameter from
eq. (A14)
H
χ
=
h3√
3λ
=
√
λ
6
√
3
x2
(
41
2
ln
(
2
3x
)
− 23
3
)
. (A43)
For t→ −∞ the Hubble parameter decreases to zero faster
than χ since x goes to zero. Insertion of the leading ex-
pression (A25) for χ(t), neglecting δ and keeping only the
dominant logarithmic term in eq. (A43) one finds
H =
4α(t)
(t0 − t) ln2
(
µ2λ0(t0−t)2
3
) , (A44)
with a very slowly varying function
α(t) =
41
48
ln
[
2
3
ln
(
µ2λ0(t0 − t)2
3
)]
. (A45)
For an approximate solution for the scale factor a(t)
we can neglect time derivatives of α(t). The solution of
∂t ln a = H then reads
a(t) = a¯ exp
{
α(t)
ln
(√
λ0
3 µ(t0 − t)
)
}
. (A46)
In the infinite past for t→ −∞ the scale factor approaches
the constant a¯ with an inverse logarithm
a(t) = a¯
(
1 +
α(t)
ln
(√
λ0
3 µ(t0 − t)
)
)
. (A47)
The geometry becomes flat Minkowski space. Eq. (A45)
specifies the function α(t) in eq. (5).
Appendix B.
General models with flat geometry in the
infinite past
In this appendix we discuss a family of models for which
the beginning epoch of the Universe is flat Minkowski
space. They are based on an effective action for the metric
and a scalar field containing no more than two derivatives.
The Planck mass is given by the value of the scalar field χ.
The kinetic term for χ has a negative coefficient, without
introducing any ghost or tachyon instability. These models
are analogous in some respects to models of “genesis” in
higher derivative theories [11–14]. We include in the dis-
cussion also scenarios where the curvature tensor vanishes
in the infinite past, while the scale factor approaches zero
instead of a non-zero constant.
For this purpose we consider the effective action (1) for
variable gravity and discuss the solutions of the field equa-
tions (A1)-(A3) or (A5) - (A7). Different models are char-
acterized by different functions λ(χ) and B(χ). We employ
for small χ2 the shorthand
x =
1
ln
(
µ2
χ2
) , (B1)
and assume a class of models which admit for small χ or
small x expansions of the type
λ =
a2
x2
+
a1
x
+ λ0 + d1x+ d2x
2 + d3x
3 + d4x
4,
B = b0 + b1x+ b2x
2 + b3x
3 + b4x
4 + b5x
5. (B2)
For λ = λ0, B = b0 exact scale symmetry is realized. The
other terms in the expansion therefore indicate derivations
from scale symmetry. With
∂x
∂ lnχ
= 2x2, (B3)
one has
∂λ
∂ lnχ
= −4a2
x
− 2a1 + 2d1x2 + 4d2x3 + 6d3x4 + 8d4x5,
∂ lnB
∂ lnχ
=
2b1x
2 + 4b2x
3 + 6b3x
4 + 8b4x
5 + 10b5x
6
b0 + b1x+ b2x2 + b3x3 + b4x4 + b5x5
. (B4)
We want to investigate for which values of the coefficients
in the expansion (B2) one can obtain Minkowski space as
a solution of the field equations. This requires that the ex-
pressions fk in eqs. (A5)-(A7) vanish fast enough for x→ 0.
We first perform a systematic expansion in x. This compu-
tation will be rather tedious, since control over rather large
powers of x is needed. The result will later be compared
to the primordial flat frame condition which gives a much
easier access.
We obtain small values of f1 if the two terms in eq. (A5)
cancel
χ˙2
χ4
≈ λ
3(1− B6 )
. (B5)
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For the solution of the field equations we therefore make
the ansatz
χ˙2
χ4
= c2(1 + e1x+ e2x
2 + e3x
3) = c˜2, (B6)
with
c2 =
λ¯
3(1− b06 )
, (B7)
and λ¯ the leading term in the expansion (B2) for λ. For
this ansatz we can employ
χ¨ = χ˙
∂
∂χ
(c˜χ2), (B8)
or
χ¨
χ
=
χ˙
χ2
∂
∂ lnχ
(c˜χ2) = c˜2
(
2 +
∂ ln c˜
∂ lnχ
)
χ2, (B9)
in order to bring f3 into a form similar to f1 and f2. One
obtains
f2 + f3 = −1
2
(
B +
∂ ln c˜2
∂ lnχ
)
c˜2χ2. (B10)
Next we insert the ansatz (B6) in the coefficients
fk = χ
2hk, (B11)
with
h1 =
1
3
[a2
x2
+
a1
x
+ λ0 + d1x+ d2x
2 + d3x
3 + d4x
4
− λ¯
(
1− 1
6
b1x+ b2x
2 + b3x
3 + b4x
4 + b5x
5
1− b06
)
× (1 + e1x+ e2x2 + e3x3)]. (B12)
The leading term in λ is canceled by λ¯. For h2 one has
h2 =
−4a2x−1 − 2a1 + 2d1x2 + 4d2x3 + 6d3x4 + 8d4x5
b0 + b1x+ b2x2 + b3x3 + b4x4 + b5x5
+ λ¯(1 +O(x)). (B13)
We require that the highest power ∼ λ¯ is canceled as well.
This requires
b0 = 0, (B14)
and further fixes b1 as
λ¯ =
a2
x2
: b1 = 4,
λ¯ =
a1
x
: b1 = 2,
λ¯ = λ0 : b1 = 0, b2 = −2d1
λ0
,
λ¯ = d1x : b1 = −2. (B15)
We conclude that for modes of this type asymptotic flat
space solutions exist only if B vanishes for χ → 0, and
K = B − 6 is therefore negative. The leading coefficient
of B(x) is fixed by the leading power of λ(x). For h3 we
employ
χ¨
χ
=
(
2 +
1
2
∂ ln c˜2
∂ lnχ
)
χ˙2
χ2
(B16)
and the observation that the leading term in
∂ ln(c˜2)/∂ ln(χ) is at most proportional to x. The
leading order term in h3 is therefore given by the negative
leading order term of h2, and no new constraint arises
from the vanishing of the leading term in h3.
The self-consistency of the three equations (A5) - (A7)
can be expressed as a relation between the functions hk(x).
The time derivative H˙ can be computed both from a linear
combination of eqs. (A6),(A7) and from the time derivative
of H2, which is a linear combination of eqs. (A5) and (A7).
This results in the relation
∂tH
2 = 2HH˙ = ∂t
(
f1 − 2f3
3
)
= 2
(
h1 − 2h3
3
)
χχ˙+ ∂t
(
h1 − 2h3
3
)
χ2
=
2
3
f3χ
χ˙
H˙. (B17)
We can therefore express H˙ as
H˙ =
3c˜2
h3
[
h1 − 2h3
3
+ x2
∂
∂x
(
h1 − 2h3
3
)]
χ2, (B18)
and infer the consistency relation
χ−2
(
H˙ −H χ˙
χ
)
= h2 + h3
=
3c˜2
h3
[
h1 − 2h3
3
+ x2
∂
∂x
(
h1 − 2h3
3
)]
− h3
3
. (B19)
Let us concentrate on λ¯ = λ0. Up to the order x
3 one
has, with d˜k = dk/λ0,
h1 =
λ0
3
[
(d˜1 − e1)x +
(
d˜2 − d˜1
3
− e2
)
x2
+
(
d˜3 +
b2
6
− d˜1e1
3
− e3
)
x3
]
. (B20)
A similar expression for h2 yields
h2 = λ0
[(
2
3
+ e1 − 2d˜2
d˜1
− b3
2d˜1
)
x
+
(
e2 +
2
3
e1 +
d˜1
3
− b3
6d˜1
− 3d˜3
d˜1
− b4
2d˜1
− b
2
3
4d˜21
− d˜2b3
d˜21
)
x2
+ c
(2)
3 x
3
]
, (B21)
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where
c
(2)
3 = e3 +
2
3
e2 +
e1d˜1
3
− b3
6
− b4
3d˜1
− b5
2d˜1
− 4d˜4
d˜1
− e1b3
6d˜1
− b
2
3
12d˜1
− 3b3d˜3
2d˜21
− b4d˜2
d˜21
− b3b4
2d˜21
− b3d˜2
2d˜31
− b
3
3
8d˜31
(B22)
Here we use the expression
∂ lnB
∂ lnχ
= 4x− b3
d˜1
x2 −−
(
2b4
d˜1
+
b23
2d˜21
)
x3. (B23)
For the remaining coefficient h3 we use the relation (B10),
which results in
h2 + h3 = −1
2
(
B +
∂ ln c˜2
∂ lnχ
)
c˜2. (B24)
For λ¯ = λ0 one obtains the expression in order x
3.
h2 + h3 = −λ0
3
[
(e1 − d˜1)x2 +
(
2e2 +
b3
2
− e1d˜1
)
x3
]
.
(B25)
For models that admit an expansion (B2) with a2 =
a1 = b0 = b1 = 0 the ansatz (B6) for the solution implies
that the r.h.s. of the field equations (A5)-(A7) vanishes
at least ∼ χ2x for χ → 0. Thus the Hubble parameter
indeed vanishes in this limit. The asymptotic behavior of
the scalar field for t → −∞ is given by the leading order
term in the expression (B6), χ˙2 = λ0χ
4/3, or
1
χ
=
√
λ0
3
(t0 − t) + 1
χ0
. (B26)
Thus χ indeed vanishes ∼ (t0 − t)−1, with
χ˙
χ
=
√
λ0
3
χ =
1
t0 − t . (B27)
For the last identity we have absorbed χ−10 in a shift of
t0. The divergence of χ for t → t0 is outside the range of
validity of the approximation (B26).
For the Hubble parameter eq. (A7) implies
H =
h3
3c˜
χ =
h3
λ0(t0 − t) , (B28)
while from eq. (A5) one infers
H2 = f1 − 2f3
3
=
(
h1 − 2h3
3
)
χ2 (B29)
The consistency of the two equations (B28)(B29) requires
h1 − 2h3
3
=
h23
9c˜2
. (B30)
For the leading order contribution one therefore has to re-
quire
h1
λ0
− 2h3
3λ0
=
h23
3λ20
. (B31)
For the terms linear in x in h1 and h3 one needs 3h1 = 2h3.
This fixes the coefficient e1 for the solution as
e1 = −4
3
− d˜1 + 4d˜2
d˜1
+
b3
d˜1
. (B32)
In turn, eq. (B31) guarantees the consistency equation
(B19) in leading order.
The detailed behavior of geometry for t→ −∞ depends
on the power of x with which h3 vanishes. Let us first
discuss the case where for h3 the term linear in x is different
from zero
h3
λ0
= 2g3x. (B33)
In this case one has
H =
2g3x
t0 − t =
g3
(t0 − t) ln(µ/χ)
=
g3
(t0 − t) ln
(√
λ0
3 µ(t0 − t)
) . (B34)
The Hubble parameter, and therefore the curvature scalar,
vanish for t → −∞. The corresponding evolution of the
scale factor a(t),
a(t) = a¯ ln
(√
λ0
3
µ(t0 − t)
)−g3
(B35)
shows an inversely logarithmically vanishing scale factor
a(t→ −∞).
For a setting where the scale factor approaches a con-
stant value for t→ −∞ we consider the leading behavior
h3
λ0
= 4g˜3x
2. (B36)
With
H =
4g˜3x
2
t0 − t =
g˜3
(t0 − t) ln2
(√
λ0
3 µ(t0 − t)
) , (B37)
the scale factor approaches a constant a¯ inversely logarith-
mically for t→ −∞
a = a¯ exp
{
g˜3
ln
(√
λ0
3 µ(t0 − t)
)
}
→ a¯
(
1 +
g˜3
ln
(√
λ0
3 µ(t0 − t)
)
)
. (B38)
Geometry approaches Minkowski space with a constant
scale factor a¯ for t → −∞. We can identify α in eq. (5)
with the constant g˜3.
For achieving eq. (B36), the term∼ x in h3 has to vanish.
With h2 + h3 being at most of the order x
2 the condition
22
is met if the term ∼ x vanishes for h2. With eq. (B32) we
therefore require
2
3
+ e1 − 2d˜2
d˜1
− b3
2d˜1
=
− 2
3
− d˜1 + 2d˜2
d˜1
+
b3
2d˜1
= 0. (B39)
This determines the coefficient b3 in terms of d˜1 and d˜2,
b3 =
4d˜21
3
+ 2d˜21 − 4d˜2. (B40)
It also implies for the solution (B6)
e1 = d˜1. (B41)
Comparing eq. (B29) with the square of eq. (B37) yields
the constraint
h1 − 2h3
3
=
16
3
g˜23λ0x
4. (B42)
Thus for the combination h1 − 2h3/3 the terms ∼ x, ∼ x2
and ∼ x3 all have to vanish. The expansion reads
h1 − 2h3
3
= h1 +
2h2
3
− 2(h2 + h3)
3
=
λ0
3
[(
4
3
+ e1 + d˜1 − 4d˜2
d˜1
− b3
d˜1
)
x+ s(2)x2 + s(3)x3
]
,
(B43)
with
s(2) = 2e1− e2− d˜1
3
+ d˜2− b3
3d˜1
− b4
d˜1
− 6d˜3
d˜1
− 2b3d˜2
d˜21
− b
2
3
2d˜21
,
(B44)
and
s(3) =
8
3
e2 + 2e3 − 2b4
3d˜1
− b5
d˜1
− 2d˜4
d˜1
− b3e1
3d˜1
− b
2
3
6d˜1
− 3b3d˜3
d˜21
− 2b4d˜2
d˜21
− b3b4
d˜21
− b3d˜2
d˜31
− b
3
3
4d˜31
. (B45)
The terms ∼ x vanishes by virtue of eq. (B32). Insert-
ing eq. (B41) into the constraint s(2) = 0 determines the
coefficient e2 for the solution (B6),
e2 =
5d˜1
3
+ d˜2 − b3
3d˜1
− b4
d˜1
− 6d˜3
d˜1
− 2b3d˜2
d˜21
− b
2
3
2d˜21
. (B46)
Similarly, the coefficient e3 is determined by s
(3) = 0. With
h1 − 2h3/3 of the order x4 and h3 of the order x2 the
consistency condition (B19) reads in the order x2
h2 +
4h3
3
=
1
g˜3x2
(
h1 − 2
3
h3
)
. (B47)
The r.h.s. of eq. (B47) involves e4.
For suitable coefficients ej in the expansion of the so-
lution (B6) all consistency requirements are met. For
t→ −∞ the solution of the field equations (A5)-(A7) is in-
deed given by eq. (B6), with leading behavior (B26),(B37),
and geometry approaching flat Minkowski space according
to eq. (B38). The coefficient g˜3 is found as
g˜3 =
1
8
(
d˜2 − 1
3
d˜1 − 3e2
)
. (B48)
For the particular case
e2 =
1
3
d˜2 − 1
9
d˜1 (B49)
the coefficient g˜3 vanishes. The Hubble parameter ap-
proaches zero for t → −∞ even faster than for eq. (B37).
Combining eqs. (B46) and (B49) this is realized if the coeffi-
cients bk and d˜k obey an additional constraint. More gener-
ally, the closer the geometry is approximated by Minkowski
space for large negative t, the more conditions on the co-
efficients of the expansions (B2) are needed.
The existence of the solutions which approach flat
Minkowski space in the infinite past requires various condi-
tions, as given bz eqs. (B14),(B15), and (B32) for λ¯ = λ0.
We may compare them with the condition for a primordial
flat frame (15). With our ansatz (B2) this condition reads
B = 2x2
(
1
B − 6
∂B
∂x
− ∂ lnλ
∂x
)
. (B50)
For B − 6 different from zero the term ∼ ∂B/∂x is sub-
leading for x→ 0, such that in leading order in x one has
to require
∂ ln λ¯
∂ lnχ
= − B
2x
. (B51)
For x→ 0 the l.h.s. is a constant or smaller. This requires
b0 = 0 and the relations (B16) for b1. Expanding eq. (B50)
in powers of x will lead to the constraints (B39).
Indeed, for λ¯ = λ0 the first terms of an expansion of
eq. (B50) in x yields with b2 = −2d˜1the relation
B − 2x2
(
1
B − 6
∂B
∂x
− ∂ lnλ
∂x
)
=
(
b3 − 4
3
d˜1 + 4d˜2 − 2d˜21
)
x3
+ (b4 + b3 + 6d˜3 − 6d˜1d˜2 + 2d˜31)x4. (B52)
Setting the term ∼ x3 to zero yields the condition (B39). If
the term ∼ x4 also vanishes, one will find the condition that
realizes the vanishing coefficient g˜3 according to eq. (B49).
Implementing the relation (B50) in a certain order in x is
the most direct way of establishing the conditions that lead
to a decay of the Hubble parameter to zero with a certain
power of x.
The discussion for a different leading behavior λ¯(x) can
be performed in complete analogy. Minkowski space is ap-
proached in the infinite past ifH or h3 vanish at least ∼ x2,
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and therefore h1 − 2h3/3 vanishes at least ∼ x4. These re-
quirements again impose conditions on the coefficients of
the expansion (B2). The most direct way of finding these
constraints is given by the expansion of eq. (B50), which
has to be adapted to the leading behavior λ¯(x).
In summary, we have found a family of models for which
geometry approaches Minkowski space in the infinite past.
The cosmological solutions do not show any singularity.
The models of this family all have B → 0 as t→ −∞. The
value B = 0 is the particular value for which the combina-
tion of curvature scalar term and scalar kinetic is invariant
under conformal transformations, extending scale symme-
try. For B = 0 the scalar ceases to be a propagating degree
of freedom.
The particular choice of models which admit an ex-
pansion (B2) in inverse powers of ln(µ2/χ2) may seem
somewhat artificial at first sight. It is motivated by the
observation that this type of model is obtained by ex-
pressing standard inflationary models in a different metric
frame. For example, Starobinsky inflation corresponds to
a2 = a1 = b0 = b1 = 0 and
λ0 =
1
8C
, d˜1 = −3, b2 = 6 (B53)
in lowest order. The higher order terms for the primordial
flat frame for Starobinsky inflation contain logarithms and
do not admit the expansion (B2). For chaotic inflation with
a quadratic potential V = b2M2σ2 one has a2 = b0 = 0
and in lowest order a1 = b, b1 = 2.
It seems likely that the particular logarithmic behavior
(B1) is not crucial for models with primordial flat space. It
will be sufficient that the condition (15) is obeyed with suf-
ficient accuracy for some small quantity x(χ) that vanishes
for χ→ 0. This replaces the condition (B50) by
Cpf = B +
∂x
∂ lnχ
(
1
6−B
∂B
∂x
+
∂ lnλ
∂x
)
→ 0. (B54)
If Cpf vanishes fast enough for x → 0 the geometry will
become Minkowski space in the infinite past.
Appendix C.
Chaotic inflation in the primordial flat
frame
In this appendix we discuss in more detail the solutions
of the field equations in the primordial flat frame for chaotic
inflation. We remain in the leading order approximation
for the constraint equation for the primordial flat frame.
In this approximation we discuss the next to leading order
of the solution for the time-dependence of the scalar field,
and the associated evolution of geometry. One finds that
the Hubble parameter and the curvature tensor vanish in
the infinite past, while the scale factor approaches zero
very slowly. Such a situation is close to Minkowski space,
but exact Minkowski space is not reached in the infinite
past. For a realization of Minkowski space in the infinite
past one has to modify the field transformation in order to
include next to leading order effects for the solution of the
primordial flat frame constraint.
Let us start with the effective action
Γ =
∫
x
√
g
{
− χ
2
2
R+ bχ4 ln
(
µ2
χ2
+ 1
)
+


[
ln
(
µ2
χ2
+ 1
)(
1 +
χ2
µ2
)2]−1
∂µχ∂µχ− 3


}
.
(C1)
It contains up to two derivatives and has no instabilities
as tachyons or ghosts despite a negative coefficient of the
kinetic term. This model can be taken as a self-consistent
model for all values of χ. In the region of small χ it yields
the model (26) of sect. IV. For large χ one has a quadratic
potential and vanishing B
V = λχ4 = bµ2χ2, B =
2µ2
χ2
. (C2)
The transition between the two regimes corresponds in the
Einstein frame to the end of inflation. We will solve the
field equations of this model in the vicinity of χ = 0.
In the Einstein frame this model is equivalent to chaotic
inflation with a purely quadratic potential with mass term
m2 = bM2. (C3)
The metric and canonical scalar field in the Einstein frame
are given by
gE,µν =
χ2
M2
gµν , σ
2 = 2M2 ln(
µ2
χ2
+ 1). (C4)
Insertion of the field transformations (C4) into the effective
action (C1) yields the effective action in the Einstein frame
Γ =
∫
x
√
gE
{
−M
2
2
RE +
1
2
∂µσ∂µσ +
m2
2
σ2
}
. (C5)
This is the action used for chaotic inflation.
Early stages of inflation correspond to large σ/M and
therefore to small χ/µ. Neglecting corrections ∼ χ2/µ2
the field equations derived from the effective action (C1)
can be brought to the form
χ¨+ 3Hχ˙ = bχ3 ln
(
µ2
χ2
)
− χ˙
2
χ

1 + 1
ln
(
µ2
χ2
)

 (C6)
H2 + 2H
χ˙
χ
= f1, (C7)
H˙ − 4H χ˙
χ
= f2, (C8)
with
f1 =
χ˙2
χ2

 1
3 ln
(
µ2
χ2
) − 1

+ b
3
χ2 ln
(
µ2
χ2
)
, (C9)
f2 = 3
χ˙2
χ2
− bχ2 ln
(
µ2
χ2
)
. (C10)
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The field equations have a simple asymptotic solution
for t→ −∞ where spacetime is flat, H = 0, H˙ = 0, and χ
approaches zero according to the implicit equation
1
χ
= c(χ)(t0 − t) + 1
χ0
, (C11)
where c increases logarithmically for χ→ 0,
c2 =
b
3
[
ln
(
µ2
χ2
)
+ h
]
. (C12)
We will discuss the choice of the constant h later. It is
subleading for χ→ 0. For this solution one finds in leading
order in an expansion in 1/ ln(µ/χ) the relation
(
χ˙
χ
)2
= c2χ2 =
b
3
χ2 ln
(
µ2
χ2
)
, (C13)
such that for χ → 0 both f1 and f2 vanish and
eqs. (C7),(C8) are obeyed for flat space.
As χ increases, geometry deviates from flat space. For a
quantitative investigation we make the ansatz
1
χ
= c(t0 − t) + δ, (C14)
which implies
χ˙
χ
=
(c− δ˙)χ
1 + ∂ ln c∂ lnχ (1− δχ)
. (C15)
Using
∂ ln c
∂ lnχ
= − 1
ln
(
µ2
χ2
)
+ h
, (C16)
we expand in powers of 1/ ln(µ/χ) and δ, δ˙. This yields
χ˙
χ
= cχ

1 + 1
ln
(
µ2
χ2
)

 − δ˙χ, (C17)
and
f1 = − b
6
χ2
(
10
3
+ 2h
)
+ 2cχ2δ˙, (C18)
f2 = bχ
2(2 + h)− 6cχ2δ˙. (C19)
The scalar field equation (C6) becomes
3H
χ˙
χ
= f3, (C20)
where
f3 = −bχ2(2 + h) + 6cχ2δ˙ + χδ¨. (C21)
So far the quantities f1, f2, f3 still involve the next to
leading correction δ to the evolution of the scalar field. We
therefore have to determine δ(t) For a solution of the field
equation for δ we make the ansatz (with constant A)
δ˙ =
Ab
c
. (C22)
This implies that the term χδ¨ is subleading and can be
neglected as compared to the other terms in f3,
χδ¨ =
Abχ2
ln
(
µ2
χ2
) . (C23)
With eq. (C22) one obtains
f1 = − b
6
χ2
(
10
3
+ 2h− 12A
)
= h1χ
2,
f3 = −f2 = −bχ2(2 + h− 6A) = h3χ2. (C24)
At this point the next to leading contribution δ to the scalar
field enters only through the constant A.
We are now ready to extract the next to leading order
for the metric. From eqs. (C20),(C17), one concludes
H =
h3χ
3c
, H˙ =
h3χ˙
3c
(
1− ∂ ln c
∂ lnχ
)
, (C25)
which yields in lowest order
H˙ = H
χ˙
χ
. (C26)
Equations (C8) and (C20) are therefore identical. Both H
and H˙ go to zero for χ→ 0, as expected for the primordial
flat frame.
We still need to fix the constant A in the next to leading
behavior for the scalar. For eq. (C6) we observe that H2 ∼
χ2/c2 is subleading as compared to Hχ˙/χ ∼ χ2. Thus the
combination of eqs. (C6) and (C20) requires
f1 =
2f3
3
, h1 =
2h3
3
, (C27)
or
6A− h = 7
3
, h3 =
b
3
. (C28)
We observe that only the combination 6A−h is determined.
Both enter the ansatz for the subleading correction to the
evolution equation for χ in eq. (C13). Since we are only in-
terested in the leading part of this correction we can choose
h freely as long as eq. (C28) is obeyed. We take h = −7/3,
such that in the next to leading order one has A = 0 and
therefore δ = 0 in eq. (C14) This establishes the implicit
equation
1
χ2
=
b
3
(
ln
(
µ2
χ2
)
− 7
3
)
(t0 − t)2. (C29)
As compared with eq. (30) the next to leading correction
replaces the parameter χ−10 by a fixed expression. For a
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rough estimate of the logarithm we can employ the leading
order for χ→ 0
ln
(
µ2
χ2
)
− 7
3
≈ ln
(
bµ2(t0 − t)2
3
)
. (C30)
We arrive at the next to leading expression of the scalar
field for t→∞,
1
χ2
≈ b
3
ln
(
bµ2(t0 − t)2
3
)
(t0 − t)2. (C31)
For the Hubble parameter eqs. (C25),(C28),(C29) imply
H2 =
bχ2
27
(
ln
(
µ2
χ2
)
− 73
) . (C32)
Due to the increase of ln(µ2/χ2) for t → −∞ the Hubble
parameter decreases faster than (t0 − t)−1 in this limit,
H =
1(
3 ln
(
µ2
χ2
)
− 7
)
(t0 − t)
≈ 1
3 ln(bµ2(t0 − t)2/3)(t0 − t) . (C33)
For t→ −∞ the scale factor approaches zero very slowly
a =
a¯
[ln(bµ2(t0 − t)2/3)]1/6 . (C34)
For the effective action (C1), based on the field trans-
formation (C4), the approach of the Hubble parameter to
zero is not fast enough for achieving Minkowski space for
t → −∞. While the evolution (C34) is very slow, the
scale factor nevertheless decreases asymptotically to zero.
Minkowski space remains, however, a rather good approxi-
mation for large time intervals. If one wants a formulation
of the primordial flat frame for which Minkowski space is
reached for t → −∞, one needs a solution of eq. (23) be-
yond the leading order (25) or (C4). In the language of ap-
pendix B the effective action (C1) corresponds to λ¯ = b/x,
B = 2x, a1 = b, b1 = 2. “Improving” the primordial flat
frame by continuing the expansion in higher order in x will
lead to solutions that approach Minkowski space in the in-
finite past.
Appendix D.
Primordial flat frame for Starobinsky infla-
tion
In this appendix we establish the equivalence of
Starobinsky inflation with the variable gravity model dis-
cussed in sect. II and appendix A. For this purpose we solve
eq. (46) in next to leading order. With the ansatz
B = 2ε(1 + fB)
2, (D1)
one finds
(3− ε(1 + fB)2)
√
2εfB =
∂ε
∂σ˜
(1 + fB)
2 + 2ε(1 + fB)
∂fB
∂σ˜
,
(D2)
with
∂ε
∂σ˜
= −
(√
8
3
+
√
2ε
)
ε. (D3)
In leading order fB and ∂fB/∂σ˜ are proportional
√
ε and
eq. (D2) simplifies to
3
√
2εfB =
∂ε
∂σ˜
= −
√
8
3
ε, (D4)
or
fB = − 2
3
√
3
√
ε. (D5)
In this order the differential equation relating σ˜ and χ
reads(
∂σ˜
∂ lnχ
)2
= B = 2ε+ 4εfB = 2ε− 8
3
√
3
ε
√
ε. (D6)
We introduce the shorthand
W = exp
(
−
√
2
3
σ˜
)
, (D7)
with next to leading expression
B =
8
3
(
W
1−W
)2
− 64
27
(
W
1−W
)3
=
8
3
W 2 +
80
27
W 3. (D8)
With
γ˜ =
√
2
3
σ˜ = − lnW, (D9)
eq. (D6) becomes
∂γ˜
∂ lnχ
=
√
2
3
∂σ˜
∂ lnχ
= −
√
2
3
√
8
3
W 2
(
1 +
10
9
W
)
= −4
3
e−γ˜
(
1 +
5
9
e−γ˜
)
. (D10)
The next to leading order solution is given by
eγ˜ − 5
9
γ˜ + c0 =
2
3
ln
(
µ2
χ2
)
. (D11)
This expresses σ˜ or W as a function of χ and one finds by
an iterative solution for small x
W = e−γ˜ =
3x
2
(
1− 5
9
γ˜e−γ˜ + c0e
−γ˜
)
=
3x
2
(
1− 5
6
x ln
(
2
3x
)
+
3c0x
2
)
, (D12)
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with
x =
1
ln
(
µ2
χ2
) , ∂x
∂ lnχ
= 2x2. (D13)
For small χ and therefore small x we can express B in
terms of x
B = 6x2
[
1− 5
3
x
(
ln
(
2
3x
)
+
(
5
3
+ 3c0
)
x
)]
. (D14)
Due to the logarithm in the relation (D12) betweenW and
x a Taylor expansion of B is possible in W , but not in x.
Also λ has a simple expression in terms of W ,
λ = λ0(1−W )2, λ0 = 1
8C
. (D15)
We may check the primordial flat frame condition (15)
by computing
Cpf = B +
1
6−B
∂B
∂ lnχ
+
∂ lnλ
∂ lnχ
= B +
∂W
∂ lnχ
(
1
6−B
∂B
∂W
+
∂ lnλ
∂W
)
. (D16)
The combination Cpf should vanish if the condition (15) is
obeyed. We employ
∂W
∂ lnχ
= 2x2
∂W
∂x
= 3x2
(
1− 5
6
x ln
(
2
3x
)
+
3c0x
2
)2 (
1 +
5
6
x
)
=
4
3
W 2
(
1 +
5
9
W
)
, (D17)
and
1
6−B
∂B
∂W
=
8
9
W
(
1 +
5
9
W
)
,
∂ ln λ
∂W
= − 2
1−W = −2(1 +W +W
2), (D18)
in order to establish that Cpf indeed vanishes up to terms
∼ W 4. We observe that the integration constant c0 only
affects the relation between W and x. It drops out in the
relation between W and χ. Setting c0 = 0 we obtain the
effective action (1),(2) discussed in sect. II. This establishes
that this effective action corresponds to a particular choice
of metric, namely the primordial flat frame, for Starobinsky
inflation.
Appendix E.
Primordial flat frame for scaling solutions
in quantum gravity
In this appendix we derive the effective action in the
primordial flat frame for the scaling solutions (89)-(91) for
the functional flow in quantum gravity. With the Weyl
scaling (92) one obtains the effective action (1) with
λ =
U¯
F¯ 2
=
u
4w2
=
u0 + m˜
2ρ˜
(2w0 + ξρ˜)2
, (E1)
and
K =
[
K¯k2
2F¯ ρ˜
+
3
2
(
∂ ln F¯
∂ρ˜
)2](
∂ρ˜
∂ lnχ
)2
− 6, (E2)
or
B = K + 6 =
[
κ
4w˜(ρ˜)ρ˜
+
3
2
(
∂ ln w˜(ρ˜)
∂ρ˜
)2](
∂ρ˜
∂ lnχ
)2
.
(E3)
If ∂ ln F¯ /∂ ln ρ˜ can be neglected, one has
B =
K¯
F¯
(
∂ψ
∂ lnχ
)2
, (E4)
in accordance with eq. (12) for K¯ = 1, F¯ = M2, ψ = σ.
More generally, we write
B = β(ρ˜)
(
∂ρ˜
∂ lnχ
)2
,
β(ρ˜) =
κ
4w˜(ρ˜)ρ˜
+
3
2
(
∂ ln w˜(ρ˜)
∂ρ˜
)2
=
κ0 + κ1ρ˜
2ρ˜(2w0 + ξρ˜)
+
3ξ2
2(2w0 + ξρ˜)2
. (E5)
For the scaling solution the expressions of λ and B in terms
of the dimensionless invariant ρ˜ are independent of k. Away
from the scaling solution λ and B will additionally depend
on some intrinsic mass scale.
For a transformation to the primordial flat frame one
needs to find the relation ρ˜(χ) such that the condition (15)
is satisfied
B =
1
B − 6
∂B
∂ lnχ
− ∂ lnλ
∂ lnχ
. (E6)
This can be written as a differential equation for B(ρ˜),
√
βB =
1
B − 6
∂B
∂ρ˜
− ∂ lnλ
∂ρ˜
, (E7)
where we have assumed ∂ρ˜/∂ lnχ > 0. Let us take models
with
− ∂ lnλ
∂ρ˜
=
2ξ
2w0 + ξρ˜
− m˜
2
u0 + m˜ρ˜
> 0. (E8)
With
β =
β¯
ρ˜
, β¯ =
κ0
2(2w0 + ξρ˜)
(1 + c1ρ˜),
c1 =
κ1
κ0
+
3ξ2
κ0(2w0 + ξρ˜)
, (E9)
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we have in lowest order of ρ˜
B = b1ρ˜, (E10)
where b1 > 0 is determined by√
κ0b1
4w0
= −b1
6
+
ξ
w0
− m˜
2
u0
. (E11)
The solution with positive b1 reads
b1 = 6a+
9κ0
2w0
(
1±
√
1 +
8aw0
3κ0
)
, (E12)
where
a =
ξ
w0
− m˜
2
u0
. (E13)
For κ0/w0 > 0 the r.h.s. of eq. (E11) is positive if the minus
sign applies in eq. (E12), and if a is positive. Positive a
is therefore a necessary condition for the existence of the
map to the primordial flat frame with positive ∂ρ˜/∂ lnχ.
We also have to require b1 > 0. This is indeed the case.
In the same leading approximation one has
∂ρ˜
∂ lnχ
=
√
B
β
= γρ˜, (E14)
with
γ =
√
4b1w0
κ0
=
(
24w0a
κ0
+ 18
(
1−
√
1 +
8aw0
3κ0
)) 1
2
.
(E15)
This establishes the leading order relation between ρ˜ and
χ,
ρ˜ =
(
χ
µ˜
)γ
, χ = µ˜ρ˜
1
γ , (E16)
with µ˜ an integration constant. In turn, this yields the
effective action (1) in the primordial flat frame according to
eqs. (94)-(97). For 8aw0 ≪ 3κ0 one has the approximative
expressions
b1 =
4a2w0
κ0
, γ =
4aw0
κ0
. (E17)
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